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Abstract—In this letter, an angle domain off-grid channel
estimation algorithm for the uplink millimeter wave (mmWave)
massive multiple-input and multiple-output systems is proposed.
By exploiting spatial sparse structure in mmWave channels, the
proposed method is capable of identifying the angles and gains of
the scatterer paths. Comparing the conventional channel estima-
tion methods for mmWave systems, the proposed method achieves
better performance in terms of mean square error. Numerical
simulation results are provided to verify the superiority of the
proposed algorithm.

Index Terms—mmWave massive MIMO, direction of arrival
(DOA), spatial basis expansion model (SBEM).

I. INTRODUCTION

MASSIVE multiple-input and multiple-output (MIMO)
systems operating in the millimeter wave (mmWave)

frequency band [1] is an enabling technology for current and
future wireless communication systems. Equipped with mas-
sive antennas at the base station (BS), massive MIMO is
able to serve multiple users simultaneously with higher energy
efficiency, broader coverage and higher spectral efficiency [2].

Since all the potential gains require beamforming [3] and
precoding, the acquisition of precise channel state information
(CSI) at the receiver [4] is extremely important. As a result of
the fading attenuation characteristics in mmWave frequency
band [5], only a limited number of scatterer paths are
observed [1] and spatial basis expansion model (SBEM) [6]
can be established for massive MIMO channel modeling.

By exploiting the sparsity of mmWave and MIMO channels,
compressed sensing (CS) has been widely used in channel
estimation [7]–[11]. A two-stage adaptive CS algorithm is
proposed in [12], theoretic analysis as well as simulation
results are provided to demonstrate its robustness in low SNR
regions. Recent research adopted the sparse Bayesian learn-
ing algorithm for CSI recovery [13]. The estimation accuracy
of these algorithms is limited by the coarsely pre-divided
angle grids. Although this problem can be solved using atom
norm based optimization [14], its computational complexity is
extremely high.
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Motivated by the above issues, we propose a channel
estimation method based on an improved off-grid sparse
Bayesian learning algorithm for the multi-user mmWave mas-
sive MIMO system uplink. The proposed method exploits
channel characteristic with higher estimation accuracy, which
is measured by the mean square error (MSE) of the CSI matrix.

The remainder of this letter is organized as follows. In
Section II, we introduce the uplink mmWave massive MIMO
channel model and discuss channel estimation from the angle
domain perspective. Section III demonstrates the proposed
improved sparse Bayesian learning (ISBL) based channel esti-
mation strategy. Simulation results are provided in Section IV.
Section V draws the conclusion and discusses future work.

Notations: Matrices and vectors are written in boldface let-
ters. The determinant, trace, transpose and Hermitian of matrix
A are denoted as |A|, Tr(A), AT and AH respectively. The
distribution of the random variable X conditioned on Y with
θ as a parameter is denoted as P(X |Y ; θ). Notations �(·)
and �(·) represent the real and imagine part of a complex,
respectively.

II. PROBLEM FORMULATION

A. System Model

In this letter, we consider an uplink multiuser mmWave
massive MIMO system [15], where the base station (BS) is
equipped with M � 1 antennas in the form of uniform linear
arrays (ULA). The BS serves U single-antenna1 users simul-
taneously in the coverage area. The propagation from user u
to BS is assumed to compose P scatterer paths, and the UL
channel vector can be expressed as:

hu =
1√
P

P∑

p=1

αupa(θup), u = 1, 2, . . . ,K , (1)

where αup and θup ∈ [ − π
2 , π

2 ) denote the attenuation factor
and the direction of arrival (DOA) for the pth scatterer path
of user u, respectively. The vector a(θ) is:

a(θ) =
[
1, e(j 2πd

λ
sin θ), . . . , e(j (M−1) 2πd

λ
sin θ)

]T
, (2)

where λ and d denote the wave length and distance of antenna
elements, respectively.

Suppose the user u sends a training sequence xu of length
L. To realize near-optimal training of all the users, we use
orthogonal training sequences here. The received training

1A single antenna model is widely used for the user end in LTE systems.
Future work will address the case of more antennas at the UE end.
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signal Y = [y1, y2, . . . , yL] is:

Y =
U∑

u=1

huxH
u + N = HXH + N, (3)

where N = [n1,n2, . . . ,nU ],nu ∼ CN (0, σ2
nI) is addi-

tive white Gaussian noise on the receiver, and H =
[h1,h2, . . . ,hU ] is the CSI matrix. The pilot signal training
power σ2

p = 1
LxH

i xi and X = [x1, x2, . . . , xL].

B. Channel Estimation From the Angle Domain

Due to the orthogonality of training sequences, we can
obtain a coarse estimated channel information:

h̃u =
1

Lσ2
p
Yxu . (4)

In this way, the precision of estimated CSI matrix is severely
contaminated by the noise on the receiver. This can be miti-
gated by taking the structure of CSI formulation in Eqn. (1)
into account. Thus, we need to estimate the DOA and atten-
uation information of the scatterer paths, which can be done
by solving the following problem:

minP ′, s.t ‖h̃u −
P ′∑

i=1

α̂uia(θ̂ui )‖ < ε. (5)

III. IMPROVED OFF-GRID SPARSE BAYESIAN LEARNING

(ISBL) BASED CHANNEL ESTIMATOR

To solve the above non-convex problem, we propose a two-
stage ISBL channel estimation algorithm. In the first stage, on-
grid channel estimation using sparse Bayesian learning (SBL)
is carried out to determine the coarse location of the angle
domain information with the help of predivided grids. The
second stage is precise off-grid angle domain refinement using
expectation maximization (EM) algorithm.

A. On-Grid Sparse Bayesian Learning

By dividing [− π
2 , π

2 ) into grids of number N and denoting
ωi as the angle of the i th grid, we construct a matrix A =
[a(ω1), a(ω2), . . . , a(ωn )].

We can use these coarse divided angles to approximately
reconstruct the uplink CSI for each user u = 1, 2, . . . ,U , by
finding a set of coefficient wu = [wu1,wu2, . . . ,wun ]T to
represent the coarsely estimated channel h̃u , i.e.,

h̃u = Awu + ñ. (6)

If the DOA of a real scatterer path θup lies around a coarsely
divided grid angle ωn , then the corresponding coefficient wun

is similar to the gain of the scatterer path αup . Otherwise,
the corresponding coefficient is nearly zero. From the above
analysis, it can be seen that the coefficient vector wu will
possess a sparse characteristic if we select the division number
N much larger than the number of scatterer paths. Hence, we
need to find a vector wu , satisfying

min ‖wu‖0, s.t ‖h̃u − Awu‖ < δ. (7)

The SBL algorithm can solve the above compressed sensing
problem with no prior information about the sparsity (number

of scatterer paths). For simplicity, denote h̃ as h̃u and wu as w,
each item wi in vector w corresponds to a normal distribution
wi ∼ N (μi , λ

−1
i ), and ñ is a noise vector, each item corre-

sponds to N (0, σ2). We need to find out a set of parameters
{μ, σ2, λ} such that p(w, λ, σ2|h̃) is maximized. According
to the probability characteristic:

p(w, λ, σ2|h̃) = p(w|λ, σ2, h̃)p(λ, σ2|h̃). (8)

On-grid angle domain estimation adopts the EM algorithm.
1) E-Step (Inference): Based on the parameters λ, σ2,

the most likely w is computed. Denote the (·)(k) as the
parameters we obtained in the k th iteration. Optimizing
p(w(k+1)|λ(k), σ2(k)

,h) is equivalent as optimizing its cor-
responding ln function, which is the following problem:

w(k+1) = arg min
w

1

σ2(k)
‖h̃ − Aw‖2

2 +
N∑

i=1

λ
(k)
i ‖wi‖2, (9)

of which the solution can be obtained directly due to its
convexity,

w(k+1) =
(
AH A + σ2(k)

Λ(k)
)−1

AH h̃, (10)

where the matrix Λ(k) = diag(λ(k)
1 , λ

(k)
2 , . . . , λ

(k)
N ).

2) M-Step (Hyperparameter Prediction): Based on the
coefficient w(k+1) obtained from the E-step, the iterative re-
estimated parameters λ and μ has the following closed-form
expression:

μ(k+1) = w(k+1) = σ(k+1)−2
Σ(k+1)AH h̃, (11)

where Σ(k+1) = (σ2(k)
AH A + Λ(k))−1.

Denote

γ
(k+1)
i = 1 − λ

(k)
i Σ(k+1)

ii , (12)

the new parameter λ is obtained via:

λ
(k+1)
i =

γ
(k+1)
i(

μ
(k+1)
i

)2
. (13)

The estimated noise variance also needs to be updated:

σ2(k)
=

‖h̃ − Aw(k+1)‖2

M − ∑
i

(
λ

(k)
i

)−1
. (14)

According to the theory of SBL, if the corresponding μi = wi

is near 0, then the corresponding λi will be quite large. This
will prevent wi from increasing too much in the following
iterations, hence guarantee the sparse structure in w.

3) Parameter Pruning: To reduce computational complex-
ity, we force the items wi and μi permanently to zeros if the
corresponding λi is larger than a threshold. The relationship
between |λ| and sin(ω) after three training phases are plotted
in Fig. 1, which implies SBL algorithm can locate the angle
grid in the neighborhood of the real DOA angles within a few
iterations.

After the iterations end, those wi not equal to 0 indicate the
corresponding angle ωi is near the real scatterer paths’ DOA.
We establish Ω(0) = [ωq1, ωq2, . . . ωqN ], the corresponding
wqi of each ωqi satisfies wqi 	= 0.
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Fig. 1. λ−1 for each sin(θ) after three on-grid training phases, DOAs of the scatterer paths take sin(θ) = [−0.9474,0.6371,0.9172].

B. Off-Grid CS Based Angle-Domain Estimator

The estimation accuracy is limited by the number of grids.
To avoid this, off-grid optimization is needed. We need to
find a set of angles Ω = [ω̂1, ω̂2, . . . , ω̂N ]T , such that
the basis A(Ω) = [φ(ω̂1), φ(ω̂2), . . . , φ(ω̂N )] can be used
to reconstruct the CSI. To simplify further analysis, denote
s = [s1, s2, . . . , sN ]T , where sn = sin(ω̂n ). The task is to
find Ω = arcsin(s∗) such that

[s∗,w∗] = arg
(

min
s,w

‖h − A
(
sin−1(s)

)
w‖2

2

)
. (15)

Denote f (w, s) = ‖h − A(sin−1(s))w‖2
2, the function can

be approximated using Taylor expansion:

f (w, s) ≈ f (w, s0) + ∇f (w, s0)H (s − s0)

+
1
2
(s − s0)H∇2

s f (w, s)(s − s0). (16)

To find the optimum solutions for w and Ω of the above
convex function, we use the EM algorithm again.

1) Channel Reconstruction Coefficient Estimation (E-Step):
Based on the angle domain information Ω(k) obtained from
the k th iteration, we establish the new basis A(k) and the
optimum coefficient w(k+1) is obtained:

w(k+1) =
(
A(k)H A(k)

)−1
A(k)H h. (17)

2) Angle Domain Information Estimation (M-Step): Based
on the coefficient w(k+1), we adopt a backtracking line search
algorithm to find the optimum sin(Ω) and refresh the basis.
The gradient of f with regard to s in the (k + 1)th iteration
is:

∇sf (k+1) = �
[(

y − A(Ω(k))w(k+1)
)H

Ψ(k)w(k+1)
]
, (18)

where

Ψ(k) = j
2πd
λ

diag(0, 1, . . . ,M − 1)A
(
Ω(k)

)
. (19)

Start from the initial point s(k), the novel s(k+1) is searched
in the opposite direction of the gradient:

s(k+1) = s(k) − t∇sf (k+1). (20)

Algorithm 1 Improved Sparse Bayesian Learning Based
mmWave Channel Estimator

1: initialization: select user u , h = h̃u , establish initial dictionary
A(Ω), initial values for α and γ.

2: repeat
3: k ← k + 1

4: w(k+1) ←
(

AH A +
(
σ(k)

)2
Λ(k)

)−1
AH h

5: Refresh λ(k+1), γ(k+1) using (11)(12)
6: until ‖w(k−1) − w(k)‖ < δ1 � On-grid SBL search
7: k ← 0, establish Ω(0), A(0)

8: repeat
9: k ← k + 1

10: w(k+1) ←
(

A(k)H A(k)
)−1

A(k)H h

11: Compute �sf
(k+1) using (15), t ← 1

12: while f
(
w(k+1), s(k)

)
−β‖t�sf

(k+1)‖ < f
(
w(k+1), s(k+1)

)

do
13: t ← αt , s(k+1) ← s(k) − t�sf

(k+1)

14: end while
15: until ‖w(k−1) − w(k)‖ < δ2 � Off-grid refinement
16: ĥu = A(K )w(K ) � CSI reconstruction

The termination condition is

f
(
w(k+1), s(k)

)
− β‖t∇sf (k+1)‖ ≥ f

(
w(k+1), s(k+1)

)
.

(21)

If the termination condition cannot be satisfied, we have
to lower the step size of the search direction, t = αt . The
variable α ∈ [0.1, 0.9] and β ∈ [0.1, 1) are two parameters
for backtracking line search algorithm.

After K iterations, the CSI of the k th user can be recon-
structed through

ĥu = A(K )w(K ). (22)

IV. SIMULATION RESULTS

A. Channel Estimation Precision

In this part, we compare the performance of the proposed
ISBL method with other channel estimation algorithms, the
performance of channel estimation precision is measured by
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Fig. 2. MSE comparisons of various CSI estimation algorithms.

the channel mean square error (MSE)

MSE =
1
U

U∑

u=1

‖ĥu − hu‖2
2

‖hu‖2
2

.

Fig. 2 illustrates the MSE performance of uplink channel
estimation, as a function of the signal to noise (SNR) ratio
with different channel estimation algorithms. Simulations are
carried out in U = 20, P = 3 and M = 256 settings. The
SNR is defined as SNR = σ2

p/σ2
n . The grid number is chosen

to be N = 800 for the orthogonal matching pursuit (OMP)
and SBL based algorithm, and N = 500 for on-grid search
in ISBL algorithm. The OMP algorithm is implemented with
prior knowledge about the precise number of scatterer paths
and will deteriorate without it. The proposed algorithm does
not need such prior information and is hence more robust. For
low SNR regions, the proposed algorithm receives significant
MSE decrease compared with the MMSE and LS estimators.
For high SNR regions, it receives 20 dB MSE gain than on grid
SBL algorithm in the high-SNR regions and will not encounter
the error floor caused by the limited number of grid numbers.
In the whole range SNR, the estimation accuracy is slightly
worse than atom norm minimization algorithm.

B. Complexity Analysis

Table I provides the computational complexity of various
algorithms measured by the number of multiplication opera-
tions. The variables KI1 and KI2 denote the number of loops in
the on-grid SBL search and off-grid dictionary refinement. To
achieve the results in Fig. 2, it needs KSBL,KI1 = 5−20 loops
and KI2 = 50−100 loops. Since N = 800 for the SBL algo-
rithm is larger than N = 500 for the proposed ISBL algorithm,
SBL and ISBL have compatible computational complexity.
Compared with the atom norm based algorithm which needs
KA1

= 20−50 and KA2
= 5−20 iterations, ISBL achieves

computational complexity reduction in each loop of iteration
and also converges faster.

TABLE I
COMPUTATIONAL COMPLEXITY

V. CONCLUSION

In this letter, we exploited the physical structure of CSI
for uplink mmWave massive MIMO system and propose an
ISBL algorithm that can achieve higher estimation accuracy.
Simulation results were provided to demonstrate the effective-
ness and superiority of the proposed method. Combining the
proposed method with user grouping [10] to mitigate the effect
of pilot contamination will be our future work.
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