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Sampling of the Wiener Process for Remote
Estimation over a Channel with Unknown Delay
Statistics
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Abstract—In this paper, we study an online sampling problem
of the Wiener process. The goal is to minimize the mean squared
error (MSE) of the remote estimator under a sampling frequency
constraint when the transmission delay distribution is unknown.
The sampling problem is reformulated into an optional stopping
problem, and we propose an online sampling algorithm that
can adaptively learn the optimal stopping threshold through
stochastic approximation. We prove that the cumulative MSE
regret grows with rate O(Ink), where k is the number of
samples. Through Le Cam’s two point method, we show that
the worst-case cumulative MSE regret of any online sampling
algorithm is lower bounded by (lnk). Hence, the proposed
online sampling algorithm is minimax order-optimal. Finally, we
validate the performance of the proposed algorithm via numerical
simulations.

Index Terms—Age of Information, Online Learning, Stochastic
Approximation

I. INTRODUCTION

He omnipresence of the autonomous driving and the in-

telligent manufacturing systems involve tasks of sampling
and remotely estimating fresh status information. For example,
in autonomous driving systems, status information such as
the position and the instant speed of cars keep changing,
and the controller has to estimate the update-to-date status
based on samples collected from the surrounding sensors. To
ensure efficient control and system safety, it is important to
estimate the fresh status information precisely under limited
communication resources and random channel conditions.

To measure the freshness of the status update information,
the Age of Information (Aol) metric has been proposed in [1]].
By definition, Aol captures the difference between the current
time and the time-stamp at which the freshest information
available at the destination was generated. It is revealed that
the Aol minimum sampling and transmission strategies behave
differently from utility maximization and delay minimization
[2]]. Samples with fresher content should be delivered to the
destination in a timely manner [3].

When the evolution of the dynamic source can be modeled
by a random signal process, the mean square estimation error
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(MSE) based on the available information at the receiver can
be used to capture freshness. Sampling to minimize the MSE
of the random process in different communication networks
are studied in [4]-[9]. Considering that the dynamic source is
a Wiener process, the optimum sampling policy that minimizes
the estimation MSE is shown to have a threshold structure, i.e.,
a new sample should be taken once the difference between the
actual signal value and the estimate based on past samples
exceed a certain threshold. Such thresholds also holds for
the Ornstein-Uhlenbeck process [5]], [10] and the Gaussian
Markov source [9]. The optimum sampling thresholds can be
obtained by the bi-section search [7] or iterative thresholding
[11] if the delay distribution and the statistics of the channel
are known in advance.

When the statistics of the communication channel is un-
known, the problem of sampling and transmissions for data
freshness optimization can be formulated into a sequential
decision making problem [[12]-[16]]. By using the Aol as the
freshness metric, [12]-[14] design online link rate selection
algorithms based on stochastic bandits. When the channels
are time-varying and the transmitter has an average power con-
straint, [[17]-[21] employ reinforcement learning algorithms to
minimize the average Aol under unknown channel statistics.
Notice that in applications such as the remote estimation, a
linear Aol cannot fully capture the data freshness. To solve
this problem, Tripathi et al. model the information freshness
to be a time-varying function of the Aol [15], and a robust
online learning algorithm is proposed. The above research
tackles with unknown packet loss rate or utility functions,
the problem of designing online algorithms under unknown
delay statistics are not well studied. The iterative thresholding
algorithm proposed in [[11f] can be applied in the online setting
when the delay statistics is unknown, whereas the convergence
rate and the optimality of the derived online algorithm are not
well understood.

In this paper, we consider an online sampling problem,
where a sensor transmits status updates of the Wiener source
to a destination through a channel with random delay. Our goal
is to design a sampling policy that minimizes the estimation
error when the delay distribution is unknown a priori. The
main contributions of this paper are as follows:

e The design of the MSE minimum sampling policy is
reformulated as an optimal stopping problem. By analyz-
ing the sufficient conditions of the optimum threshold,
we propose an online sampling policy that learns the
optimum stopping threshold adaptively through stochastic
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approximation. Compared with [[11], [22]], [23]], the op-
eration of the proposed algorithm does not require prior
knowledge of an upper bound of the optimum threshold.

e We prove that the time averaged MSE of the proposed
algorithm converges almost surely to the minimum MSE
if the fourth order moment of the transmission delay
is finite (Theorem [I). In addition, it is shown that the
MSE regret, i.e., the sub-optimality gap between the
expected cumulative MSE of the proposed algorithm and
the optimum policy with distribution knowledge, grows
at a speed of O(Ink), where k is the number of samples
(Corollary [I). The perturbed ordinary differential equa-
tion (ODE) method is a popular tool for establishing the
convergence rate of stochastic approximation algorithms
[24]]. However, this tool requires either the threshold
being learned is in a bounded closed set, or the second
moment of the updating directions are bounded. Because
our algorithm does not require an upper bound on the
optimum threshold, and the essential supremum of the
transmission delay could be unbounded, we need to
develop a new method for convergence rate analysis,
which is based on the Lyapunov drift method for heavy
traffic analysis.

« Further by using the classic Le Cam’s two point method,
we show that for any causal algorithm that makes sam-
pling decision based on historical information, under the
worst case delay distribution, the MSE regret is lower
bounded by Q(In k) (Theorem . By combining Theorem
and Theorem [4] we obtain that the proposed online
sampling algorithm achieves the minimax order-optimal
regret.

o We validate the performance of the proposed algorithm
via numerical simulations. In contrast to [11]], the pro-
posed algorithm could meet an average sampling fre-
quency constraint.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. System Model

As is depicted in Fig. [T} we revisit the status update system
in 3], [7], [25]], where a sensor takes samples from a Wiener
process and transmits the samples to a receiver through a
network interface queue. The network interface serves the
update packets on the First-Come-First-Serve (FCFS) basis.
An ACK is sent back to the sensor once an update packet
is cleared at the interface. We assume that the transmission
duration after passing the network interface is negligible.
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Fig. 1. System model.

Let X; € R denote the value of the Wiener process at
time ¢ € RT. The sampling time-stamp of the k-th sample,
denoted by Sk, is determined by the sensor at will. Based on

the FCFS principle, the network interface will start serving the
k-th packet after the (k—1)-th packet is cleared at the network
interface and arrived at the receiver. We assume that the service
time Dy, are independent and identically distributed (i.i.d) with
a probability distribution Pp, and Dy is independent of the
wiener process X;. The reception time of the k-th packet,
denoted by Ry, satisfies the following recursive formula: Ry =
{Sk, Ri—1} + Dy, and we define Ry = 0 for simplicity. We
assume the average transmission delay D := Ep._p,[D] is
lower bounded by Dy, > 0.

B. MMSE Estimation

Let i(t) := maxgen{k|Rr < t} be the index of the latest
sample received by the destination at time ¢. The information
available at the receiver at time t can be summarized as
follows: (i). The sampling time-stamps, transmission delay and
the values of previous samples M, := {(Sj,Dj,XS_])};(:t)l;
(i1). The fact that no packet was received during (R,;(t),t].
Similar to [3]], [26], we assume that the receiver estimates X;
only based on M; and neglects the second part of information.
The minimum mean-square error (MMSE) estimator [27]] in
this case is:

Xy =E[Xi|M] = Xg,,,. (1)

We use a sequence of sampling time instants 7 = {5} }2°
to represent a sampling policy. The expected time average
mean square error (MSE) under 7 is denoted by &, i.e.,

_ 1 [T
E, 2 limsupE l/ (Xt — XSi(t))2 dt‘| . 2)
T— 00 T t=0

C. Problem Formulation

Our goal in this work is to design one sampling policy
that can minimize the MSE for the estimator when the delay
distribution Py is unknown. Specifically, we focus on the set
of causal policies denoted by II, where each policy m € II
selects the sampling time Sj of the k-th sample based on the
transmission delay {Dy }x <, and Wiener process evolution
{Xi}i<s, from the past. The transmission delay and the
evolution of the Wiener process in the future cannot be used
to decide the sampling time. Due to the energy constraint, we
require that the sampling frequency should below a certain
threshold. The optimal sampling problem is organized as
follows:

Problem 1 (MMSE minimization).

. 1" 2
mMsegpt é;gfn limsup E lT/t (Xt — Xt) dt} ,  (3a)

T— o0 =0
(T
s.t. limsupE {Z()] < fmax- (3b)
T— 00 T

III. PROBLEM SOLUTION

In this section, the MSE minimization problem (i.e., Prob-
lem |1) is reformulated into an optimal stopping problem. Let
m* be an optimum policy whose average MSE achieves msegp.
Sufficient conditions for 7* are provided in Subsection [[II-B|
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The online sampling algorithm 7ynjine is provided in Subsec-
tion [[II=C] and Subsection [[II-D] characterizes the behaviors of
the online sampling policy.

| frame 1, frame 2 frame 3

Vo I i i
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Time, t

Fig. 2. [Illustration of the Wiener process and the estimation error. The
sampling and reception time-stamp of the k-th sample are denoted by S
and Ry, respectively. For MMSE estimator, Xt = Xg, ,Vt € [Ri, Ri41)-

A. Markov Decision Reformulation

According to [[7, Theorem 1], policy 7* should not take
a new sample before the previous sample is delivered to the
destination. As is depicted in Fig. [2] the waiting time between
the delivery time of the k-th sample and the sampling time of
the (k+1)-th sample is denoted by W, > 0. Define frame & as
the time interval between the sampling time-stamp of the k-th
and the (k + 1)-th sample. The following corollary enables us
to reformulate Problem [I] into a Markov Decision Process.

Lemma 1. Let Zj, := (Dy,(Xs,+¢ — Xs, )t>0) denote the
recent information of the sampler in frame k. The set of sam-
pling policies that determine the waiting time Wy, only based
on the recent information Iy, is denoted by lecent. Since for
each frame k, the difference Xg, 1+ —Xg, evolves as a Wiener
process that is independent of the past {Xs,, ¢+ — Xs,, }x' <k
Problem || can be reformulated into the following Markov
decision process:

Problem 2 (Markov Decision Process Reformulation).

constraint. Since 7* achieves the minimum expected time-
average MSE among Il...s, we have:

Zlfle E [%(X5k+1 - XSk>4]
ko1 EDx + Wil
&)

For simplicity, denote v* := &, — D, which is the
average cost of the MDP when the optimum policy 7* is

: Y1 B[ (Xsp 1 —Xs,)!
limsupy_, ., == IE,C“[(;E[DICZ-T—W;@] k ] Be-

cause + 3% E[Dy + W] > 0, for any policy 7 € Icons,
inequality (3) can be rewritten as:

lim sup > Ene — D, € Teons.

K—oo

used, ie., v* =

K—oo

0,(v*) ::hminf< Z}E[ (Xsp,, — Xsk)4]

1
7% ZIE[Dk + Wk]> > 0. (6)

Inequality (6) takes the minimum value O if and only if
policy 7 is optimum. Therefore, if the ratio v* is known, an
optimum policy 7* can be obtained by solving the following
functional optimization:

Problem 3 (Functional Optimization Problem).

K—oo

4
MSegpt = lIelf lim sup ( ZIE { Xsk+1 ng) ]

K
L1
—7" ¢ D_El(Ds +Wk)]>, (7a)
k=1
1 & 1
s.t. liminfE l (Dy, + W)
K—o0 fmax
k=1
(7b)

To solve Problem [3] we can take the Lagrangian duality
of the constraint with a dual variable v and obtain the
Lagrange function £(7,~,v):

K 1 4 AT
L E({:(X - X _\ L(m,,v)=limsu IE{ (Xs,., — Xs, ]
msegpe = inf limsup <Zk1K [6( Sets 5¢) ] +D> ) (m.7.v) K—>oop< Z Sk 5¢)
m€recent K300 Ek::l E [(Sk+1 — Sk)] ) K .
(4a) —(v+v)—= ZE (Sk+1 — )]) Vf
K 1 k:l max
s.t. liﬁnjglof Z [(Sk+1— Sk)] > T (8)
- (4b) We say that a stationary policy 7 has a threshold structure,

The proof is provided in Appendix [H| of the supplementary
material.

According to [7, Theorem 1], there exists a stationary policy
7* that selects the waiting time W}, using a conditional prob-
ability distribution given the recent Z;, that achieves msegp:.
Next, we will reveal the sufficient conditions of such policy
for designing the online algorithm.

B. Designing ™ with Known Pp

Let Tleons 2 {7 € Mecens|limsupr_,c E [*F] < finae}
denote the set of policies that satisfy the sampling frequency

if the waiting time W, is determined by:

Wi, = inf{w > 0||Xs, +Dy+w — Xs,,| > 7} 9)

Let Z; be a Wiener process staring from ¢ = 0. Let D
be the random transmission delay following distribution Pp
and the value of the Wiener process at the random time D is
denoted by Zp. Using the threshold policy (9)), the expected
frame-length Ly := Dy + W}, and %(XS,CJrl — X, )% has the
following properties:

Lemma 2. /7, Corollary 1 Restated]
E[Ly]

=E [max{r* Z}}], (10a)
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1 1
E E(XSW - Xg,)* :61[2 [max{r?, Z}}*].  (10b)

As is revealed by [7]], the optimum policy 7* has a threshold
structure as in equation (9). To design an off-line algorithm
that can learn the updating threshold 7* of 7*, we then reveal
the necessary conditions that 7* should satisfy. With slightly
abuse of notations, let £(7,~,v) denote the expected value of
the Lagrange function £(7,~,v) when a stationary policy 7
with threshold 7 is used. According to Lemma 2} £(7,~,v)
can be computed as follows:

L(7,v,v) =E {é max{7?, Z%}Q] — (v 4+ v)E[max{r?, Z3}]

+v

. 11
. 1

Condition 1: [[7, Theorem 6 Restated] Let 7(vy, v) be the op-
timum sampling threshold that minimizes function £(7,~,v),
which can be computed as follows:

7(y,v) = arg inf L(7,7,v) = V/3(y +v).

Recall that for any policy m € Il with threshold T,
inequality (3) implies

12)

0. (v*) = éE [max{r?, Z}}?] — v*E [max{r?, Z}}] > 0.

(13)
According to (I2)), inequality holds with equality if and
only if 7* with threshold 7* = 1/3(v* + v*) is used.
Condition 2: [7, Eq. (123, 125)]

v (E [max{3(v* +v*), Zp}] — fl

Adding the Complete Slackness (CS) condition on both
sides of (T3), the necessary condition for v* then becomes:

9,(7") =0 (v") =0,

where function g, () := E[g,(7; Zp)] is the expectation of
function g, (v; Zp) defined as follows:

) =0,v* >0. (14)
(15)

9,07 Zp) 1= g max{3(y-+v), Z Y —ymax(3(y+v), 7).

(16)

As is shown by [7, Theorem 7], the duality gap between

&+ and sup,, s inf, L(m,v*,v) is zero, and becomes a
necessary and sufficient condition.

C. An Online Algorithm Tonjine

When Pp, is unknown but v* is known, we can approximate
~v* by solving equation through stochastic approximation
[24], [28], [29]]. Notice that the role of v* is to satisfy
the sampling frequency constraint. To achieve this goal, we
approximate v* by maintaining a sequence {Uy} that records
the sampling constraint violations up to frame k.

The algorithm is initialized by selecting v; = 0 and U; =
0. In each frame k, the sampling and updating rules are as
follows:

1. Sampling: We treat vy, := %U ,j' as the dual optimizer v,
where V' > 0 is fixed as a constant. The waiting time Wy is

selected to minimize the Lagrange function (8], and according
to the statement after equation (I3), W} is selected by:

Wi, = inf{w > 0| [ Xg,+D,+w — Xs,| = V3 (v + vi)}-
A7)
2. Update ~v;: To search for the root v > 0 of equation
9,.(y) = 0, we update ~; through the Robbins-Monro
algorithm [29]]. In each frame k, we are given an i.i.d sample
0Xr = Xs,4p, — Xs, ~ Zp, and the Robbins-Monro
algorithm operates by:

k

YVetr = (ve +m V)T, (18)

where Yy = g, (7%;0X%) and function g,(-) is defined in

(T6). Recall that Dy, is a non-zero lower bound of the average
delay, the step-size {7y} is selected by:

1
~ Dp(2 + k)
3. Update Uj: To guarantee that the sampling frequency con-

straint is not violated, we update the violation U up to the
end of frame k by:

m Lo € (0.5,1]. (19)

1
U1 = Ui + ( — (Dy + Wk)) . (20)

fmaX

D. Theoretical Analysis

We analyze the convergence and optimality of algorithm
Tonline- We assume there is no sampling frequency constraint,
i.e., fmax = oo and make the following assumption on
distribution Pp:

Assumption 1. The fourth order moment of the transmission
delay is upper bounded by B, i.e.,

E[D*] < B < .

The convergence behavior of the optimum threshold 3v*
and the MSE performance are manifested in the following
theorems:

Theorem 1. The proposed algorithm learns the optimum
parameter v* almost surely, i.e.,

lim v, =~*, wp.l. (21)
k—o0

The proof of Theorem [I]is obtained by the ODE method in
[24] Chapter 5] and is provided in Appendix

Theorem 2. The second moment of (y, — v*) satisfies:

]‘ *
sup.E [k = 7*1%] < oo. (22)

Specifically, if « = 1 and n, = then the mean

1
Dy (2+k2)’
square error decays with rate E[(y, —v*)*] = O(1/k).

One challenge in the proof of Theorem [2] is that ~; is
unbounded and the second moment of Yj is unbounded.
We notice that Yj could become very large when - is
much larger than the true value ~*, but the truncation of
(i +n%Y%)T to non-negative part actually prevents the actual
update |(yx + 75 Yx)T — x| from becoming too large. Based
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on this observation, we adopt a method from the heavy-
traffic analysis by introducing the unused rate xj := (— (% +
nkYx)) ", then prove that the variance of the amount of the
actual updating (nipYx + xx) is finite. Detailed proofs are
provided in Appendix [C]

Thgorem 3. The average MSE under policy Tonjine cOnverges
to €+ almost surely, i.e.,

Sk41 > \2
X — Xp)odt  —
lim sup == (X t) = Epx,

k— o0 Sk+1

w.p.1. (23)

With the mean-square convergence of g, the proof of
Theorem[3]is a direct application of the perturbed ODE method
[24] and is provided in Appendix [I] of the supplementary
material.

By using Theorem [2] and Theorem [3] we can upper bound
the growth rate of the cumulative MSE optimality gap in the
following corollary:

Corollary 1. If o = 1, then the growth rate of the cumulative
MSE optimality gap up to the k-th sample can be bounded as
follows:

(E

The proof of Corollary [T]is provided in Appendix [H| of the
supplementary material.

/Sk+1 (Xe — Xt>2dt] - 5W*E[Sk}> =0 (Ink). (24
0

Theorem 4. For any distribution P, let 7*(IP) denote the
MSE minimum sampling policy when the delay D ~ P.
The threshold obtained by solving equation is denoted
by v*(IP). After k-samples are taken, the minimax estimation
error v*(P) is lower bounded by:

infsupE [(§ - 7*(P))*] = Q1/k). (25)

Let py(P) = Pr(Z%3 < 3v*(P)|D ~ P) denote the
probability of waiting by using policy 7 (P).Specifically, let
Pyani = Pr(Z3 < 3v5,|D ~ Uni([0,1])). Let TI), denote
the set of policies which the sampling decision Sy is made
based on historical information Hy_1. We have the following

result:
Sk+1 . -
inf sup | E / (X; — Xy)%dt — v () E[Sk41]
well, p 0

1/1 2 f

27 (24(1 - 6)5p:(v,uni> X <k/z:1 k’) =Q(lnk). (20

As the transmission delay Pp considered in the paper does
not belong to a specific family and could be quite general,
obtaining a point-wise converse bound on E[(¥ —~*(IP))?] for
each distribution P is impossible. As an alternative, a minimax
risk bound E[(§ — v*(PP))?] over a general distribution set
P can be obtained using Le Cam’s two point method for
non-parametric estimation [30]. The core idea is to construct
two distributions P;, Py, whose ¢ distance [PP* — PS¥|; can
be upper bounded by a constant, but (7*(P;) — 7*(P3))? >
O(1/k) is difficult to distinguish. Such a construction is
still challenging because v*(IP) cannot be obtained in closed

form even for the simpliest distribution families such as the
delta distribution or exponential distribution. Notice that the
estimation error of v* is closely related to the estimation error
g,(+) at a given point. Therefore, the construction of P; and Py
for obtaining the converse bound of Holder smooth functions
[30, Chapter 2] are adopted. The proof of inequality (26)
is a direct application of the minimax estimation error (25)).
Detailed proof of Theorem [4] is provided in Appendix [D]

IV. SIMULATION RESULTS

In this section, we provide simulation results to verify
the theoretic findings and illustrate the performance of our
proposed algorithms. We notice that the MSE minimization
problem is closely related to the Aol minimization problem,
where the Aol at time t, denoted by A(t) = t — Sj).
For signal-ignorant sampling policies (i.e., the sensor cannot
always observe the time-varying process), according to the
analysis in [3, Section IV-B], policies that minimize the aver-
age Aol achieves the minimum MSE. Therefore, we choose
both offline and online Aol minimization policies (7, from
[3[l, 7y from [[11]) for comparison. To show the convergence
of online learning algorithm, we plotted the average MSE
performance of the optimum off-line algorithm 7* from [7].

The transmission delay follows the log-normal distribution
parameterized by p and o such that the density function of
the probability measure Pp is:

p(z) = Foldr) 1o (—

dz o027
In simulations, we set 4 = 0.8 and o = 1.2, the expected time-
averaged MSE is computed by taking the average of 20 runs.
Fig. [3| depicts the time-average MSE performance up to the k-
th frame of different sampling policies. The evolution of {~;}

and the MSE regret E [fos’““(Xt — )A(t)zdt} — E+E[Sk41]
are depicted in Fig. 4| From Fig. 3 with 5 x 10* samples,
the time averaged MSE is almost the same as using the
optimum policy. From Fig. 5] the MSE regret is almost a
logarithm function of frame k. The asymptotic MSE behaviour
is consistent with the convergence results in Theorem (3| and
Corollary

When there is a sampling frequency constraint, the average
MSE and the average sampling interval achieved by policy
Tonline are depicted in Fig. [6] and Fig. respectively. We
set fiax = 10%. From these figures, one can observe that
the average MSE of 7oyjine is close to the optimum MSE
&+ and the sampling frequency can be satisfied. In addition,
by choosing a larger V, a smaller MSE performance can be
achieved, whereas a larger number of iterations are needed to
meet the sampling frequency constraint.

(lnx—u)2> .

202

V. CONCLUSIONS

In this work, we studied the problem of sampling a Wiener
process for remote estimation over a channel with unknown
delay statistics. By reformulating the MSE minimization prob-
lem as a renewal-reward process, we proposed an online
sampling algorithm that can adaptively learn the optimum
algorithm as the number of samples grows. We showed that the
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Fig. 3. The time average MSE evolution as a function of frame k.
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Fig. 4. The evolution of the threshold estimate ~yg.

average MSE obtained by the proposed algorithm converges
to the minimum MSE almost surely, and the cumulative MSE
has an order of O(In k), where k is the number of samples. We
then prove that the cumulative MSE regret of any algorithm
is at best Q(In k). Numerical simulation results validate the
convergence behaviors of the proposed algorithm.

APPENDIX A
NOTATIONS AND PRELIMINARY LEMMAS

In Table[l, we summarize the notations used in the following
proofs. Throughout the proofs, we use Ny, Ny, --- to denote
absolute constants and C (-), Co(+) to denote polynomials with
finite order. For ease of exposition, the specific values and
expressions of the constants and functions may vary across
different context.

Lemma 3. Let M := E[D?, the optimum ratio v* is upper
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Fig. 6. The time average MSE evolution as a function of frame k. (Left:
V =10, Right: V =1.)

and lower bounded by:

Yayu! 1
M +2Dy — + 72

D+

D<Ay <

1
<5 27

S| =

1
fmax
The proof is provided in Appendix

Lemma 4. For threshold v < oo, the first, second and fourth
order moments of the stopping time T, are bounded, i.e.,

E[l,] <3y+ D, (28a)
B2 < 3 (307 +3VB), (28b)
E [15] < 4% ((37)* + 105B) < oo. (28¢)

The proof of Lemma [ is provided in Appendix

Lemma 5. Function Gy(y) = q(v) — ~l(v) and has the
Jfollowing properties:

(i) Go(vy) is concave and monotonically decreasing. The
second order derivative —3 < gjj () < 0.
(ii) go(v*) =0
(i) For v # 7" (v =7")go(7) < —1(y") (v =v*)* < 0.
The proof of Lemma [5]is provided in Appendix [
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Fig. 7. The average sampling interval under different constant V. (Left:
V =10, Right: V =1.)

TABLE I
NOTATIONS
Notation | Meaning
Zt a Wiener process staring from time 0
Iy length of running time using stopping rule 7, :=
inf{t > D||Z,| > v/37}
6Xk (SXk = Xsk+Dk_XSk
Qk Qr = ¢ (X540, — Xs,)!
L Ly = Sk+1 — Sk = Dy + Wy, frame length k
E; E = 5kk+1 (Xt — Xt)zdt, cumulative estimation error in
frame k
qa(v) q(y) = éE [max{3vg, Z%1}?], the expectation of Qj
when v, =y
() () := E[max{3v, Z%}], expected frame length L;, when
Ve =7
Ik (Dg, (Xt — X5, ) S <t<Sj,» information in frame k
Hy Hy = {Zx}r<k historical information up to the end of
frame k
Ex[] Conditional expectation E[-|H_1]
tr ty = Zle Ng Or tg = Zle €k, the cumulative step-
sizes depending on the context
m(t) m(t) is the unique k so that ¢, <t <tp4;

Corollary 2. For each vy, < oo, if the fourth order moment
of the delay satisfies E[D*] < B < oo, given historical
transmission Hy_1, the conditional second order moment of
the cumulative error in frame E), = SS:“(Xt — Xt)2dt can
be bounded as follows:

Ek[Ei] = B(Xsk - XSk—1)2\/§
+ 1204 (3, B)(Xs, — Xs,_,)* + 3Ca(k, B) < o0,
(29)

where Cy and Cq are fourth order polynomials of .

The proof of Corollary [2] is provided in Appendix [N]

APPENDIX B
PROOF OF THEOREM [I]

To show that y; converges to v* almost surely, we use the
sufficient condition from [24, p.190, Theorem 7.1]. Recall that
the step-size 77;;%. Define ¢y = 0 and denote the sum of step-
sizes up to frame k by ty := Zle ng. For t > 0, let m(t)
be the unique ¥ € NV so that ¢, < ¢ < #;1. Without a
sampling constraint, v, = 0, Vk. Then the update rule for 4
from equation (I8) can be rewritten in the following recursive
form:

Vi1 = V& + 1k (Go (V) + IMy), (30)

Yk

where we recall that Y, = fmax{3y,dX}}? —
v max{3yg, 6 X7} and dM), is the difference between re-
alization and the conditional expectation Ex[Yx] = Go(7k)-
Notice that the difference M}, := Yy, — E[Y:] depends only
on the transmission delay and the Wiener process evolution
(Xt — Xg,,) in frame k and -y, which can be predictable
given Hy_1 and is therefore a martingale sequence. We then
show that {Y}, {6 M}} have the following properties,

(1.1) For each constant N < oo, supy, E[|Yy[I(,, |<n] is
bounded, i.e.,

supE [YilTye <))

1
< stlip]E G max{3vyx, 6X7}% - Ly 1<v)

+ SllipE [’Yk maX{S’yk, 5X1%}]I(Wk|SN)]

<é (ON*+E[Z}]) + N - (3N +E[Z})) (%) co. (31

where inequality (a) is because E[Z}] = 3E[D? <
3VE[D%] < 0o and E[Z3] = E[D] < oo.

(1.2) Function Yy, = g(yx;dx) is continuous in 7 for each
ox.

(1.3) The martingale sequence 5M;€]I(|%|§N) can be bounded

as follows:

Var[ My (1, <)) < B[V, <)

<E

) 2
<6 max{3vk, 6X,3}2 — v, max{3yx, 5XI§}> H(7k|§N)]

()
<E

1 2
2 <<6 max{3fyk,5X,§}2> + 92 (max{3fyk,5X,3})2>

x E(mgzv)]

©_ (1
<2 (36(3N)4 +105B 4+ N2(9N? + 3\/§)> < Ni. (32)

where inequality (b) is because E[(a—b)?] < E[2(a?+b%)]; in-
equality (c) is because 6 X; ~ Zp is a Wiener process starting
from ¢ = 0 and therefore, E[Z%] = 105E[D*] < 105B.
Since sequence § Myl (|, |<n) has mean zero. Its value only
depends on v, and the Wiener process evolution in frame k.
The correlation E [6M;1 (., 1<) - 6 M1y, 1<n)] = 0,Vi # j.
As the variance of § M., <) is bounded in inequality (32)),

the stepsizes 7, satisfies > p- 211)|bk*2a = 2%[, (1 + ﬁ),
according to [24} Chapter 5, Eq. (5.3.18)], for each p > 0 we
have

m(jT+t)—1
f P pom| | 2 Ml 2 | =0
= i=m(jT) (33)

Let v, (w) be the value of ratio v on sample path w. Recall
that the stepsizes {n;} selected in (I9) satisfies > o, nx =
0072;621 77,% < 00. According to [24, p.170, Theorem 1.2],
with probability 1, the limit limy_,, 0 (w) are trajectories of
the following ordinary differential equation (ODE), i.e.,

¥ =90(7)- (34)



SUBMITTED TO IEEE/ACM TRANSACTIONS ON NETWORKING

The next step is to show the solution of the ODE in
equation (34) converges to 7* as time diverges. Equation
(T3) implies gy(v*) = 0 and therefore, v* is an equilibrium
point of ODE (34). To show that the ODE is stationary at
v = v*, we use the Lyapunov approach by defining function
V(7) := 3 (v —~*)%,whose time derivative V = SV (~(t))
can be computed by;

V=0-7%=0-7)50 (35)
According to Lemma (iii), V = (v —v")7,(7) < 0, the
stability of v* is verified through Lyapunov theorem.

APPENDIX C
PROOF OF THEOREM

The analysis of the convergence rate is obtained through
Lyapunov analysis, where the Lyapunov function is denoted
by V(7) := $(v — 7*)?. The proof is divided into two steps:
first we will upper bound the Lyapunov drift for each ~; by
showing the following equation holds:

Ex[V (k1)) = Vi(w) < —UkEu)V(’yk) + 0(77,3]\/'1). (36)

Then, based on (36), we then compute E[V ()] directly.
Step 1: Bounding the Lyapunov Drift: The analysis is
divided into two cases: For v; < 3~*, inequality (36) can be
verified easily (Case 1); For v > 3v* we will first establish
the relationship between Ex [V (yx+1)] — V() and Var[Yy],
then upper bound Var[Yy] using the fact that Z% is sub-
Gaussian when D is fourth order bounded (Case 2). Detailed
proofs are as follows:

Case 1: If v, < 3+*, we have:

Ex[V(ve+1)] — V()

=E, [; (v + mYe) ™ — ’Y*)Z} - %(’Yk —7")?

1 1
<Ex [2(% — YY) — 5(71@ — V*)z]

(@ _
2 (e — 7)o (k)

2
1 1
+ fn,%Ek ( max{3vx, 5X,f}2 — v, max{ 37, 6X,%}> ]

2 6

(b)
< =20l (V) V (1)

31 (35O + B) 4 (307 +3VE) )
(37)

where equality (a) is because E;[Y:] = Eglgo(vk;0Xk)] =
Jo(yk); inequality (b) is obtained because according to
Lemma [3}(ii), (v — 7)) < —1(v")(w — %) =
—2l(v*)V (k) and the assumption that 7y, < 3v*.

Case 2: If v > 37", Y1 = (W + nkYk)+ is truncated into
the non-negative real part. We can view the evolution of v as
a queueing system, where the queue ~j is non-negative, 1Yy
is the arrival rate minus the service rate. Therefore, it is natural
to introduce the “unused rate” from [31]], which is denoted by
Xe o= (= (e +mYe) " I xe = 0, (9 + mYi)xe = 0 =
—x2 and if xx > 0, v + nkYr = — Xk, therefore

(Ve + M Ye) Xk = — X3 (38)

Since v + Mk Yr + xx > 0, we have:

—Ex[ve + 6 Ye] < Exx].
We can then upper bound Ex[V (vx+1) — V(v&)] by:

Ex [V(Vkt1) — V()]

1 1
=Ey 3 (e = 7"+ mYe + xu)? — 3 (V6 — ’)’*)2}

(39)

1 . 1
=Bi |5 (=" + meYi)? — 5w = 7)?

1
+§X% + (Ve + 6 Ye)xn — 'V*Xk:|

2 2

(C) -]— * 1 * 1 *
=By 50 =7 i) = 5 =) = oxi — v

(d)1 N , 1 o 1,
=3 (Ve ="+ meEr[Yr])” — 5(% -7+ gnkVar[Yk]
1 *
- §]Ek[><k]2 — v Ex[x4]
1 1 1
=5 (v — 7" + mER[Y2])* — 5(% —7)? + §niVar[Yk]

— 5 Bl =) + 5 (0
where equality (c) is because equation (38); inequality (d) is
obtained because Ex[x?] > Ex[xx]? > 0;

To upper bound (36), we then further divide the analysis
into two cases:
Case 2(a): If Eg[vi +nmx Y] < 7*, we then have Eg [y, —v* +
m:Yi] < 0. According to B9). | — Ex[xx] —7* = |y —7* +
nkEx[Y%]|- Therefore, inequality (@0) can be upper bounded
by:

(40)

1 iy 1
<- 5w - )2 + 50 )2+ iniVar[Yk]
© 1 1
< = 5 0m =)+ i VarYy]

! —

(S) =20 DisV (k) + %U}%Vﬁr[yk], (41)
where inequality (e) is obtained because 1(v; — v*)? >
(v*)* > 2(7*)? because in Case 2 we have v, > 37*;
inequality (f) is obtained because 7Dy, < % by the step-
size selection rule in equation (T9).

Case 2(b): If Ex [y + nxYk] > v*, considering that Ej[V;] =
ﬁo(m) < 0 for vy, > ’y*, we have 0 > Ek[nkYk] > 7(’)%7’)/*).
Inequality (@0) can be bounded by:

Ex[V(yk41) = V()]

(e =) =7+ ER¥i) — 3 (o —7*)?

. 1
< = el (Y) (o = 7")? + i Var[Yy]

1
= — el (Y)V (k) + =np Var[Yy], (42)

2
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where equality (g) is because (—E;[xx] — %)% > (v*)? and
(v = 7" + mER[Yi])? < (v — % + mEx[Ya]) (e — 7*)s
inequality (h) is due to Lemma [5}(iii).

For proceed to show inequality (36) for v, > 3v*, we need
to upper bound Var[Y}] in inequalities (#1)) and (@2). First, we
compute the expectation E[Y}] as follows:

1
Ex[Y:] =E 8 max{3vx, Z,%}2 — v, max{3vg, ZJQD}}

; i
=— -7 +E

1 3
2 (2Zh —wZh + 27;%)H(zg23vk)]

|6

(1
E(Z% - 37k)2]1(zg>3w)]

(43)

Given historical information Hj_1, the variance of Yj can
be computed by:

Var[Yk|Hk71]
=Ex [(Ye — Ex[Y2])?]

—E,

1 3
(GZ?) —wZh + 5’713 - Q’Y/%

3
<2’le

1 3,\°
<6Zj:l> —WZh+ 2713) H(Z%>3%)]

2
- ]Ek[Yk]) ]I(Z%>3’y;c)‘|

2
+]Ek - ]Ek[Yk]) ]I(Z%)SS"YI@)

M1

+ 2Ey

3 2
(2%3 — ]Ek[Yk]) ]I(Z?D>3%)]

3 1
4B + 3Ek [(Z% B 37’“)4]1(212323%)}

3 1 3

<= B+ ]E[ZD] (35+4)B 44)

where (i ) is because E[V;] < —%7,%4—% B implies (—3~7—
E,[Y3])? < 1B and (a+b)? < 2(a® + b%).

Denote N7 := max{(35 + %)B7 30((97 )t + B) +
(37*)%((97*)% + 3V/B)}, inequalities (37), (1) and @#2) then

lead to:

Ex[V(Ykt1)] = V() < =DV () + npN1.

Step 2: Computing E[V (v;)] through iteration: Taking the
expectation with respect to Hy_1 on both sides of #3), we
have:

(45)

E[V (ve4+1)] < (1 — nxDip)E[V (1)) + 17 N1 (46)
Multiplying inequality @6) from i =1 to k yields:
V(1)) H (1 = n:Di)V (70)
= ) B
+ Zn?M II @ =nDw). @7

J=i+1

Since the stepsize selected by (T9) satisfies
T _ 4
=) 1

according to [24} p. 343, Eq. (4.8)], term Hf;l(l
O(ny). Therefore,

min

Nk — 0, lim inf
k n>i>m(ty

- niﬁlb) =

supE [M] — SupERV(8)/m] = O(1).  @8)
k Nk k

This finishes the proof of Theorem [2]

APPENDIX D
PROOF OF THEOREM [4]

1) Proof of Inequality (23): Let P1, Py be two delay distri-
butions and let v},~3 be the solution to (I5) when D ~ Py
and D ~ Py, respectively. Through Le Cam’s inequality [32],
we have:

inf sup E [(ﬁ - 7*(11”))2} > (v —75)?- (PP* APS), (49)

where PAQ := [, min{p(z), ¢(x)}dz and P®* is the product
of distribution of k i.i.d random variables drawn from P.

To use Le Cam’s inequality (@9), we need to find two
distributions P; and P, whose ¢; distance \P?k — P?kh is
bounded, and the difference (7; — ~3)? is of order 1/k. We
consider P; to be a uniform distribution on [0, 1] and let ~7
be the optimum ratio of distribution P;. Through Corollary [3]
we can obtain a loose upper bound on ~j as follows:

, 1 ]E[Dz] 1
2 E[D] 3 (50)
Let ¢ < % be a constant and we denote
0 =min{l — 3+7,1/3, p} wi/2}- (51)

Let P, be a probability distribution with probability density
function py(x) defined as follows:

1—cy/1/k, zﬁ%é;
1 ls<ax<1-1s;
r)={ " 2 = 27 52
p2(2) 141k, =>1-15; >2)
0, otherwise.
We will first bound (7F — %) (in Step 1) and PP* A PS*

(in Step 2) as follows:

Step 1: Lower bounding 3 — ~}: For notational sim-
plicity, denote function h1(y) := Epp, [+ max{3y, Z%}% —
Vmax{3772%}] and h2(7) = EDNPz[ max{?)’)/vZQD}Q -
ymax{3y, Z%}]. According to the definition of Py in (52),
for each ~, the difference between hq(y) and hs(7y) can be
computed by:

ha () — ha(7)

1
= B |- max 3y, Z3}? — ymax{3vy, Z5}|D = x] dz
[ B Gt 23} 37,23

- —FE | = max{3y, Z5}? — ymax{3y, Z3}|D = x] x
| | max(39,28)? - ymax{3,23)]

1
(@) c 2 2
= —E |=(Zp — 37)°1 3| D =a|d
/15/2\/E [6( D ) (Zgzsyﬂ :c} T
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§/2

c 1
—E |=(Z} — 37)°I D =z|dz, (53
A {6( D = 37722 >3 x| dz, (53)
where inequality (a) is obtained because
1
6 max{3’}/7 Z%}2 - fymax{?w, Z%}

3., 1

=—3r Tt E(Z%’ = 37?22 >3)- (54)

Since ~7 is the optimum ratio for delay distribution P, we
have hi(y7) = 0. According to equation (33)), function hs(7})
can be lower bounded by:

ha(71) 1

(ﬁ)j% S E E,(Z,%, —391) (22 53,1)| D = 1:] dz
— 05/2\;%;;v2dx

2% . /:6/2 E Lli(zf, — 390 L 72, 530 | D = x] dz
()

where inequality (b) is because E[g(Z3 —37)%I(z2 >3+)|D =
2] <E[$Z}|D = 2] = 122

We then proceed to
E {%(le) - 3’7?)211(2123237;)|D = z}
realization x € [1 — /2, 1] as follows:

bound
delay

lower

for each

"1 )
E E(ZE’ - 371)2H(23237;)|D = iﬂ]

3 )
>E E(Z% - 3’71)2}1(37;32%9:)}

+ % (Var[Z}|D = 2] — 2°Pr (23, < z|D = z))

@1 , 1
> 22> 2(1-4/2)2
262 2 6( /2)%,

(56)
where inequality (c¢) is because 6 > 1 — 377 by equa-
tion (5I), and for the conditional mean E[Z3|D = x| =
x> 1-=6/2 > 1—45 > 3v7f; inequality (d) is because
Var[Z%4|D = z] = 222 and 2°Pr(Z7, < z) < z? and
E {%(Z% - 37{)2H(37f§Z%§$):| > 0. Plugging inequality (36)
into (33) and recall that § < 1 by definition, we have the lower
bound of ho(77):

=ikt (08 -(2))

c 0
>——(1-46)>0.
ST
By Lemma (i), function hs(-) is monotonically decreasing.
Since ho(77) > 0 and hao(y3) = 0, we can conclude that
~v5 > ~7. We then proceed to bound 3 — ~F through Taylor
expansion at v = 7.

ha(73) = ha(37) + ha (1) (%5 = 1),

(57)

(58)

1 1 . o .
SE E(Z% _ 3%)2}1(37%2%9) + E(Z% _ z)QH(Z%>z)|DI}by the Pinsker’s inequality:

where v € [v},73]. Therefore, 3 can be computed by:
_ ha(77)
ha(7)

To lower bound v3, we will first find a loose upper bound
of 75 using Lemma [3}

1Epp,[D? 1 /1
i Ll gy () SN W) 60
2SR, D) S2\3 O eVUE) (€0
Therefore, since 6 < 1/3, we have |hy(y)] < |hh(3)] =
3
2

Elmax{373,23}] < D+3mw < 1+ 3 + 3¢y/26 < 2.
Then by inequality (37), we have

V= > e > (1 8)dey
27M hé(wg) 24( ) ¢ k

Step 2: Lower bounding P{* AP$*: Let |[P—Q| = [, |dP—
dQ)| be the ¢; distance between probability distribution P and
Q. Then

* *

Yo =71 =

(59)

(61)

PE* A PSR = / min{P¥* (dz), P¥*(dz)}
- [ (1 BEAOR P%x»*)

PE* (dx)
—1- / (PE*(dz) — PP*(dz)) "

1
=1- 5\1@;@’“ — PS);.

(62)

Equality (62) enables us to lower bound P®* A PS* by upper
bounding the ¢; distance [P$* —P$¥|;, which can be obtained

1

92 ’Plg)k _Pgak’l

DL (PS¥|[PP*)

IN
&
N —| N~

k Dk (Ps||Py)

—
a
~

1 1
S\/Qk/ p2(x) Inpz(z)dz
0
B 1k/1 ()~ 1+ (pa(z) — 1)? ) d
V2t P mingpa(e), 13 '
(9 1 1 !
< —k_—/ z) — 1)%2dzx
_\/2 info<a<1 p2(d) Jo (pafa) 1)
1 1 2
< fkiéc—gv&c?, (63)
2 1-c\/1/k k
where inequality (e) is because the density function

p1(z) = 1 for uniform distribution, therefore Dy (P2||P1) =
fol po(x) Inpy(z)der; inequality (f) is because function
g(t) := (tInt) is convex, its derivative g(t)”" = 1/t, therefore,
through Taylor expansion we have g(t) < g(1) + (¢ — 1) +
samp(t — 12 = (t = 1) + ampy (t — 1)% inequality
(g) is because fol po(z)dz = 1.
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By choosing ¢ = 1/2 and recall that § < 1, inequality (63)
can be upper bounded by:

1 1
PP —PSEL < 5. (64)
Plugging (64) into (62) yields:
1
POF APSE >~ (65)

2

Finally, plugging (63) and (61) into the Le Cam’s inequality
(@9) finishes the proof of inequality (23):

: S * 2 1 1 * 2 1 .
infsup(y — 7" (P))" = 5 (24(1 - 5)5pw,um) 7=V
(66)
2) Proof of Inequality (26): The proof is divided in to three
step: First we decomposite the cumulative MSE gap up to
Sk+1 into the cumulative MSE gap within each frame, and
then lower bound the MSE regret in each frame using the
difference between frame-length L; and the optimum frame-
length [*(P); then we obtain the minimax lower bound of
(E[L#] — *(IP))? and finish the proof.
Step 1: Cumulative MSE decomposition:

E

Sk+1 . .
/ (X, — Xy)%dt — (v + D)Sk+1]
0

k Skt 41 . _
=) E / (X; — X;)%dt — (v* + D)Ly
S

k!

Sk’ +Dk’
(E{/ (X — Xs,,_,)%dt
S

K/

Skr g1 —
+/ (Xt *Xsk,)zdt* (’y* +D)Lk/:|>
Spr+Dyr

k Spr+Dyr
B <E{/ (X — Xs,, + Xs,, — XSk’—l)th
k=1 o

k!

Skt 41 ) _
+ / (X — Xg,,)%dt — (v* + D)Lk,D
Spr+Dyr

(a) k Sk/+Dk/
%) (EU (X: — Xs,,)%dt + (Xs,, — Xs,,_,)°Drs
S

1%

Skt 41 ) _
+ / (Xy — Xg,, )*dt — (v + D)Lk’:|>
Spr+Dyr

Spri1
E / (X — Xs,,)%dt —y* Ly
Sy

k
+YE [(Xsk, — Xs,, )?Dy — ﬁLk/]

k'=1
k Sk,’+1
® > (E V (X: — Xg,,)%dt — V*Lk/]>
k=1 Sk’
k

+ Y (E[DLy -1 — DLy])
k'=1

k Sk’+1 _
=> E V (X; — Xs,,)%dt —v* Ly | —DE[Ly],
S
1

k'= K/

=T
(67)

where equation (a) is because for E[(X; — X, ,)(Xs,, —
Xs,,_,)] = 0, equation (b) is because Dy is independent
— Xs,, , and E[Dy] = D, E[(Xs, — Xs,, )% =
E[Sk/ — Sk’fl] = L.

We then proceed to lower bound each item Y in equation
(67) using the following Lemma:

Lemma 6. For each sample policy m with a random sampling
interval 7, let . := E[1] = E[Z2] denote the expected running
length. Recall that v*(P),1*(P) are the optimum ratio and
optimum frame length when delay distribution D ~ P and
pw(P) := Pr(Z} < 3v*(P)) be the probability of waiting
the following inequality holds:

' * 1 * 2
E |:/t_0 Ztht:| - (P)]E[T] > 6pw(]PJ) (lﬂ -1 (]P)) , (68)

where [*(P) := Ep~pmax{3v*(P),Z3}] is the average
Sframe length when the optimum policy 7 (P) is used.

Proof for Lemma [] is provided in Appendix [M] Notice that
X;—Xg, is a Wiener Process starting from time ¢ = Sy, Hy_1
records the previous delay and Wiener process evolution at the
beginning of frame k. Since the sampling policy in frame &
depends on Hj_; and 6 Xy = Xg,+r, — Xs,, We can lower
bound the worst case regret of Yy as follows:

inf sup T
T P

Sk41
=infsupE / (X; — Xg,)%dt — v*(P)Ly,
7T P t=Sk

> inf sup épw(IP’)Eq.ka1 {(]E[Lklfkal] - l*(P))Q}
T p

: 1 2
> inf —puw(P)E E|L 1] = (P
>inf | max | epu(P)Bx,, |(EILs[Hi] ~ 1 (P)’]

Zé min{py, (P1), pu (P2)}

=:H

x inf max Eq, , (69)

m Pe{P1,P2}

[(ElLel#a] - (@))°].

::H2

Inequality (69) works for any distribution P; and P2. We
select P; to be the uniform distribution over interval [0, 1] and
Py using equation (52). Then the first term H; in (69) can be
lower bounded by:

Hy = min{p,, (P1), pw(P2)}
= min{Pr (2}, > 3v{|D ~ P1) ,Pr (Z}, > 3v5|D ~ P»)}
© Ep, [Z})] Ep,[Z})]

S i
> min{ 37 8y }
(d) Ep, [D] Ep,[D
Zmin{ Pl[l]’ ]P’z[7]}
3><§ 3Xﬂ

Y min{1/2,4/7) = 1/2, (70)
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where inequality (c) is by Markov inequality; inequality (d) is
because E[Z3] = E[D] by the optimal stopping theorem, 77 <
1 from (30) and 73 < (% —|—5-c\/1/1€) < o inequality
(e) is because Ep, [D] = 1/2 for uniform distribution P; and
Ep,[D] > Ep,[D] = 1/2 due to the distribution of P» in
equation (32)). It then remains to prove that the second term
H2 in (]B_gb

Step 2: Since Lj is made using k i.i.d samples §X®*F =
{6X), = (Xs,+D, — Xs,.)}, where 6 X®* =1 are from Hy_,
and X, = Xs,+r, — Xs,» E[Li|Hr—1] can be viewed as
an deterministic estimator for the corresponding [*(P). Let
[:R¥ s Rt an arbitrary deterministic estimation function,
term Hy in equation (69) is equivalent to:

Hy = inf max (Epl [(((6X %) — 1*(P))?),

Er[({(6X %)~ *(B)%). (1)

To obtain the lower bound of (7I), we come up with the
following optimization problem:

Problem 4.
e = mi[rl €, (72a)
s.t, Ep [([(6X®F) —11)?] <, (72b)
Ep, [([(6X®%) — 13)%] < e. (720)
The minimum €* satisfies:
2
2 ¢ (50~ 9t w) 1o 73)
Detailed proof is provided in Appendix [E]
Step 3: Plugging (70) and (73) into (69), we have:
inf sup Tj, > * (1(1 —6)op3, uni>2 L (714)
T p 24 \ 24 ' k

Summing up T, from ¥ = {1,2,--- ,k} and plugging (74)
into (€7), we have:

Sk+1 R o
inf E [/ (Xy — Xp)2dt — (v + D)SM]
& 0

k
> inf sup Yy, — DE[Ly]
k
= infsup Ty — D(E[Ls] — I*(P)) — DI*(P)
=1 = P
1 /1 2 G|
>__ N — * . e = .
>0 (24(1 0)dpi, ) x <kz_1 k) Qnk). (75)
APPENDIX E

SOLUTION TO PROBLEM [4]

We use the Lagrange method for solving the optimization
problem. Let p(-) : R¥ — R and A;, Ay > 0 be Lagrange
multipliers, the Lagrange function for solving Problem []is as
follows:

L(e, 1, M1, A2) =¢ + A (B, [([(0X®F) — %)% —¢)

+ Mo (Ep, [(1(6X®F) —13))] —¢).  (76)

The Gateaux derivative of the Lagrange £ in the direction of
p(+) : R¥ = R is defined as

6£(Z;€a)‘1u)\27p)
= lim ﬁ(&, ZA+ €ps A1, )\2) — ’C(Ev iv A1, )\2)

e—0 €

=20(6X %) (Aapr (OX ) ([(0X ) 1)

A2 (GXER) (5 Xk — z;)). 77

Let (I*,e*, A%, \}) be the dual optimizer. To satisfy the KKT
condition, we require:

SL(l;e%, AT, E,P)‘[ 5 = 0.9, (78a)
OL([; %, N, NS,
(753 1 2p) :1*(A1{+A§):0, (78b)
Oe e=¢e*
(78¢)
and the Complete Slackness (CS) condition require:
. 2
Y (EPI [(l*((SX@’“) —l;) ] —g*> —0, (78d)
. 2
Y (EP2 {(l*(éX‘X’k) —15) ] —g*> =0, (78¢)

The KKT condition in equation implies the optimum
estimator [* is:

11 (OX )T + Nspa(OXF)I5

7% X®k —
O = N X gt o 70
and equation (78b) requires:
N =L (782)

It can be verified that A7 # 0 and A3 # 0 because if A} =0,
to satisfy equation (78f), we have [*(§X®*) = 5. Then ¢* =
(I5 — 17)? is clearly not the optimum value. Then for fixed

A1, A2, by plugging function into and (78¢), we

have:
& =Ep, |(I(0X7%) — 17)?]
(Asp2(0X®%))2p1 (6 X 2*)

(1% _ J*\2 ®k
~-1* (Nip (0X5F) 1 Aspa(oxery 20X
(79)
¢ =g, [("(0X**) - 15)?]
(1% 7*\2 ()‘{pl(éX(g)k))QpQ((;X@k) Rk
~-1* (Vo (GXOR) + Agpa (6 eH))2 0N
(80)

Since A} + A3 = 1, (79) and imply:
¥ = A" + A5¢e”
= NEz, [(F(0X®%) — 11)?] + AEs, [(I"(0X®%) — 15)®

* Rk * Rk
A1p1(5X® )+ )\2p2(5X® )

f)
> (15~ 157 [ 5 min{Apa(5XH), e (85) s>
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1
> 55 - 11)? min{\f, A3} (PYF APSP) . (81)
where inequality (f) is because X2 > 1 min{a, b}.
Next, we bound each term in @ respectlvely
Term 1 The lower bound of I5 — [} is as follows:
1
-0 :/ E [max{3+}, Zp}|D = ] dz
0
! c
—|—/ —F [max{373, Z3}|D = z| dz
o \/E [max{3+3, Z5 }| ]
5/2
-/ \[ E [max{3~}, Zp}|D = ] dw
1
—/ E [max{3+}, Zp}|D = ] dx. (82)
0

Notice that if x; > zo,

E[max{3y, Z5}|D = 2] — E[max{3y, Z5}|D = 23] > 0.

(83)
Therefore, inequality (82) can be bounded by:
1
-0 2/ E [max{3~}, Zp }|D = ] dz
0
1
- / E [max{3+}, Z}}|D = z] dz
0
>3(73 = 71)Ep~r, [Pr(Z] < 317)]
L5 \f 84
= ﬂ( ) pr uni K’ ( )

where inequality (g) is obtained by equation (61).
Term 2 To lower bound min{\;, A2}, recall that equation (79)
equals (80), we have:

)\* / pl 5X®k
NipL(0XF) 1
X ®k

o7 [ 2
Aip1 (6 X ®Fk

Equation (83)) implies we can upper and lower bound A; /A2

as follows:
pg((SX@k) )\1 p2(5X®k)
< =< —_
- )\2 - Sup p1(5X®k) (86)

P1 (5X®k)

X po (6 X ®F)
2P2(6X®k)

X pa (6 X ®F)

+ A*p2(§X®k)

p2(6X®F)do X ©F

p1(6X®F)ds X OF.
(85)

~— | — ——

inf

According to the density function defined in (52)), we have:

1-— -< =< 87
k )\ - ®7)
Since ¢ < 1/2, we have /1/2 < )\—1 § 2 and therefore
min{)\l, )\2} Z 1/3 (88)

Finally, (P{* AP$*) > 1/2 according to (63). Plugging

(84) and (88) into (8I), we have:

1/1 ’1
Hy> > (—(1—8)dept ) —.
2 = 6 (24( 6>6pr, um) k (89)

APPENDIX F
PROOF OF THEOREM [3]

Notice that the waiting time W}, > 0, Vk, we have:

k k
1 1 —
1 1 — ’ ) > 13 1 — ;= D.1.
hkn_l)golf A k/g_l(Dk +Wyr) > hkn_l)gf 2 k/E_l Dy =D > 0,w.p.1

(90)
Sk+1

Therefore, to show sequence { Jo (S)il :Xf)Zdt} converges
to £,~ with probability 1, it is sufficient to show that the

following sequence

Sk+1 - .
ek =— / (Xt — Xt) dt — (’Y* + D)Sk+1
0

k
/Sk’Jrl
Sk’

k’ 1
converges to 0 with probablhty 1.
Recall that By = f MH(X, — Xy)2dt is the cumulative
error in frame %/, we can rewrlte 0y in the following recursive
form:

— X,)%dt — (v* +D)Lk/> 91)

1

Ok =2 (k=101 + B — (v* + D)Lx)
1 —
=0p_1 + Z (=0r—1+ Er — (v* + D)Lg) . 92)
For  notational simplicity,  denote Gy =

(70k—1 +E.—(v* +E)Lk), which can be viewed as
the descent direction and can be further decomposed into:

Sk+Dy
Gr=—0p_1+ / (X; — Xg,_,)%dt
S

k

Sk+Dy+Wy
+ / (X¢
Sk+Dyg

— X5, )3dt — (v* + D)Ly,

Sk+Dg
:79k_1+/ (Xt*XSk +X5k *Xsk71)2dt
S

k

Sk41 .
+ / (X; — Xg,)%dt — (v* + D)Ly
Sk

=—0Ok—1 + (X5, — X5, _,)? Dy,

::Gk,l
Sk+Dy
+2(X5k _Xsk—l) : / (Xt
S

Sk41
+ / (X:
Sk

=:Gg,3

~ X, )dt

k

=:G,2
— X5, )3dt — (v* + D)Ly, (93)
N————

=:Gg,a

Give historical transmissions Hy_1, v can be predicted and
Xs, —Xg, , i1s fixed, X; — X, evolves like a Wiener process
and is independent of X, — X, ,. Therefore, the conditional
mean of Gy 1, -+, G} 4 can be computed as follows:

Ex [Gra] =D(Xs, — Xs,_,)%, (94a)

Ey, [Gr] =0, (94b)
1

Ep [Grs] = Ex [max{3v, Z5}°] = (), (94c)
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]Ek [Gk’4] :(’Y* —‘v‘E)E}C [max{?wk, Z%}] = (’y* +E)l(’yk)

(94d)

where equation is because Dy, is independent of Xg, —
Xs,_,; equation (94D) is because X; — Xg, is independent
of Xg, — Xg,_, and has mean O for all ¢ > Sj; equation
and is because of Lemma [2] With equation (94a)-

(94d), given historical transmissions Hy_1, we can compute
the conditional expectation of Gy, as follows:

Ex[Gy]

Ep [=0k—1 + Gr1 +2Gr2 + Gr 3 — Gl

=— 01+ (Xs, — Xs5,_,)’D +q(v) = (" + D))
=—0Or—1+ q(v) — Wl(v) + D (L(vk—1) — L())
—Br
+D (X = Xsa)” = 1me-1)) + (k= 7).
LR

=:Bk,2 =P

95)

Denote function

f(ea 7) =—0+E |:6 maX{3% ZD}2 - ’Ymax{?)')/a ZD}J9
_ 6)
and let function f(-) be

1(0) = f(0,7).

In the following analysis, we will prove that sequence {6y}
converges to the stationary point of an ODE induced by
function f(6). Let My, := Gy — Ex[Gy] and let My, ; =
Gy,i —Ey |Gk ;] be the difference between each term and their
conditional mean. We view }c : €} as the updating step-sizes,

which satisfies:
S =00, <o,
k k

o7)

(98)

With €, Bk 1, Br,2 and 6 My, the recursive equation (93) can
be rewritten as follows:

Or = Op—1 + e (f(Ok—1, ) + Br,1 + Br2 + Bz + 0 M) .
(99)
Similarly, denote ty = 0 and ¢, := Zf 01 €; to be
the cumulative step-size sequences. Let m(t) be the unique
k € NT such that t,,(;) <t < tp) + 1. We then state the
following characteristics of G, and § M}, detailed proofs are
in Appendix [G}
Claim 1. Sequences {Gy} and {6M}} have the following

properties:

(2.1) For each constant N, sup;, E [|Gi|I(jq,<n)] < oc.
(2.2) Function f(e,~) is continuous in e for each ~.
(2.3) For any 7' > 0, the following limit hold for all 6:

m(jT+t)—1
. . N_f >
i priswa | 2« (000 -70) 2
i=m(jT)
=0. (100)

(2.4) For any T > 0, the difference sequence satisfies:

ZeéM

(2.5) The bias sequence satisfies:

lim Pr | sup max
k— o0 j>k 0<t<T

> u) =0.  (101)

m(jT+t)—1

>

i=m(3§T)

lim Pr
k—o0

€(Bi1+ B2+ Bis)| > p

sup max
i>k 0<t<T

=0. (102)

(2.6) For each 6, function f can be bounded as follows:

fO,7) = FO) + p(7), (103)
where p(v) = —(q(v) — ~I(~)) and for any 7 > 0 we have
the following inequality:

m(jr+7)—1
hm Pr | su i =0. 104
im Pr | sup > lar(w)l (104)
i=m(jT)
(2.7) For each 61, 05, the difference
|f(01,7) — f(02,7)] = |01 — O2]. (105)

When 6, — 62 — 0, the absolute difference [§; — 6] — 0.

Denote 6 (w) as the time averaged MSE up to frame % of
sample path w. Then according to [24} p.166, Theorem 1.1],
with probability 1, sequence {6y (w)} converges to some limit
set of the ODE

0=7()=—0. (106)

Because f(0) = 0, the minimum error § = 0 is an
equilibrium point of the ODE in equation (I06). Moreover,
as f(-) is a monotonic decreasing function, it can be easily
verified through Lyapunov stability criterion that O is a unique
stability point of the ODE (106). Therefore, 6}, converges to 0
with probability 1, and the time averaged MSE converges to
& -+ with probability 1.

APPENDIX G
PROOF OF CLAIMI]

Before we starts to prove each condition in Claim [I} we
provide the following corollary from Theorem [2}

Corollary 3. There exists a T’ < oo so that E[(ys—*)?/nx] <
T',Vk. Recall that the step-sizes is selected to be n;, =

4Dk’
where a € (0.5,1], we then have:
Dy
El(y —7)°) < 57 <0, (107)
Elv] < 2(E[(v —7*)°] + (v")?) < oo (108)
Through Cauchy-Schwarz inequality, we have:
— — . 1
Ellve =71l < VE[(7 T (109)

(2.1): According to the definition of G from equation (92)),
the expectation E [|G|Ljg, <] can be upper bound as fol-
lows:

E [|Gk[I(o,1<n)]
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Sk+1 .
<E [|6k[L(o,1<n)] + B / (X¢ — Xy)%dt| +E [y L]
t

=S
(110)
The first term on the RHS of inequality (110) satisfies
SlépE [|0k|ﬂ(|0k|§N)] <N < oo. (111)

The expectation of the second term can be computed as

follows,
Sk41 .
E / (X, — X,)%dt
t=S5}
Sk+Dy,
=K / (Xt — Xsk —+ )(,s,C — Xskil)zdt
t=S5}
Sk+Dp+Wj
+ / (X; — Xg, )%dt
Sk+Dy

=E [(Xs, — Xs,_,)?Di]

(Xs, — Xsk,l)/

t=Sk

Sk+Dy
+ 2E

(Xt — Xsk)dt‘|

Sk41
/ (X; — Xg, )%dt
t=Sk

+E

— 1
=E [max{3v;—1, ZJQD}] D+ EE [max{3y, Z,%}Q]

_ 1 — 1
<E[37,_1]D + 611%:[(:57,92} +DBY* + 5\/3. (112)

Inequality (TO8) and (T09) implies inequality (TT2) is bounded
for all k. Therefore, the second term on the RHS of inequality
(TT0) can be upper bounded as follows:

Sk41 N
/ (X — X;)%dt
t

=Sk

supE
k

=sup (E [max{3vx_1,Zp}] D + éE [max{3vs, Z%}])
k
(113)

Similarly, since E[y#] < oo is bounded by (T08) is bounded,
we can upper bound the third term on the RHS of inequality

(TT0) as follows:

st}ipE [veLi] = SllipE [vk max{3vk, Zp}] < o00. (114)

<00.

Taking the supremum of inequality (TT0) and then plugging
equality (TTI)-(T13) into the inequality verifies Claim (2.1).
Notice that statement (2.3)-(2.7) has similar forms,

2u>=0-

where 1)), can be the bias term S ;, the martingale sequence
My, or the difference f(0,vx) — f(0) and p(vr). We then
provide the following lemma:

Lemma 7. If one of the following condition holds, then (113)
holds:

(S.1) vy, is a martingale sequence and sup;, E[y7] < oc.
The correlation satisfies E[i;1;] = 0,Vi # j.

J

> et

i=k

(115)

k—o0 >k

lim Pr (sup

(8.2) El|g] = O(k¢),¢ > 0.

Proof. If condition (S.1) holds, since ¢, = % satisfies

Y. €t < oo, equality (TT3) holds because of [24] p. 172,
example 3].

If condition (S.2) holds, there exists a W so that
E[¢x] = Wk=S. For each u > 0, we first upper bound

Pr (suijk ’Zi:k eiwi‘ > u) for each k as follows:

j o0
Pr [ sup ZGﬂl)z’ >pu)] <Pr ZQ‘W)HZ#
j>k i=k 1=k
@1 _ | ) ¥ (& v
<E|N iyl < — (i) = (k-1
S 25 (S =
(116)

where inequality (a) is from the Markov inequality; inequality
(b) is from statement (S.2). Finally, taking the limit of (I16)

yields (T13). 0O

(2.2): Since function f(6,v;0X) := —0+¢ max{3y, 0 X?}?—
ymax{37y,5X?} is continuous for each 6.X, the expectation
f(0) =E[f(0,~v*;0X?)] is continuous for 6.

(2.3): Recall the definition of f(6,7) and f(v) from equa-
tion (@), (7). The absolute difference between f(6,~) and
f(0) can be upper bounded by:

|£(8,7) = F(0)] = [F0(7) — Go (")

a0y )2 + 317~ 7D, (117)
where inequality (a) is because function G,(y) is concave
and [gj(y)] < 3 according to Lemma [S}(i). Therefore
E[|f(0,7) — F(0)]] = O(k=/?), which satisfies statement
(S.2) in Lemma [7] This verifies inequality (I00).

(2.4): The difference 0 M}, = 6 M, 1 +26 My o+0 My 3 —0 My 4
consists of four parts. Through the union bound, the proba-
bility that sup -, ’2{2 L €0M;
by:

> p can be upper bounded

)
j

Z ei5Mi,a

i=k

J
Z €,’5Mi

lim Pr (sup
i=k

k—o0 >k

4
< lim Pr | sup
k— o0 >k

> u/5> EERGIT)

a=1

We will then show that each item on the RHS of in-
equality (TT8) has limit 0. The first term dMy 1 = (Xg, —
Xs,_,)? (D, — D). Since Dy, — D depends only on the delay
in frame %k and has mean zero, term E[0Mj 10Myy;1] =
0,Vi > 0. The second moment of § M}, ; can be upper bounded
as follows:

E [(Xsk - Xsk—1)4(Dk - E)2]
=E [(Xs, — Xs,_,)*] Var[D?] < E [max{3v, Zp}*] E[D?].
(119)

By Theorem the expectation E[(vx — 7v*)%/m] =
O(1). Since nmr, — 0, E[y?] is bounded. Therefore,
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supk]E{éM,il} < oo. Then according to [24, p.142,

Eq. (5.3.18)]
hm Pr | sup ZeléM” >u/5| =0. (120)
—00 j>k i—k
Similarly, recall that dMy. = (Xg, — Xs,_,) -
( i"'JrD"' (X: — Xsk)dt). Sequence 6 My, o is a martingale se-

quence with mean zero. Moreover, E[M}, o My, ;0] = 0,Vi >
1. The variance Var[0M}, o] can be bounded as follows:

Var[d My, o] =

Sk+Dy 2
=E [(Xs, — Xs,_,)%] -E (/t (X — Xsk)dt>

=Sy
E[D?).

Inequality (T09) upper bounds E[max{3vx_1,2%}] and
verifies (S.1) in Lemma m Therefore, we have:

Zu/5> =0

It can be verified that the sequence M}, 3 = f;;’““(Xt —
Xg,)2dt — Ey [fsk“ Xsk)th} is a martingale se-
quence. It then remains t0 upper bound its variance, which
is as follows:

E[0M,]

=E [max{3vs_1,Zp}] - (121)

J

Z Ei(;Mi72

i=k

(122)

k—o0 >k

lim Pr (sup

Val‘[(Sth]

Sk+ Dy Skt1 2

= / (X; — Xg, )%dt — / (X; — Xg, )%dt
Sk Sk+Dk

(¢) Sk+Dp 2
<2E / (X; — Xg, )%dt

Sk

Sk+1 2
+92FE / (X; — Xg, )%dt
Sk+Dy

(d) Sk+Dy 2
<2E / (X; — Xg, )?dt
Sk
Ex[L7]]

+2E [Pr(Z} > 37vk)(37x)*Ex,

e

(S)Nl +E [E[Z,‘g](l??(?%)? + 3\/5)} : (123)
where inequality (c) is because E[(a — b)?] < 2E[a? + b?];
inequality (d) is because if Ly > Dy, then (X;—Xg,)? < 3y
for t € [Si + Dk, Sk+1]; inequality (e) is because through
Markov inequality Pr(Z% > 3vi) < E[Z}]/(37k)? and
Ex[L?] < (22 (37v%)%+3VB) from Lemma Since E[Z})] <
3E[D?] < 3v/B and E[y?] is bounded according to inequality
(T08), Var[6M}, 3] is bounded according to inequality (I23).
Condition (S.1) in Lemma [7] is satisfied and we have

>u/5> =0

J

Z ei(5Mi’3

i=k

(124)

k— o0 >k

lim Pr (sup

Following similar approaches, the second order expansion
of the fourth term is bounded, i.e.,

—.5 10
Var[6 My, 4] < Ex[Groa] < (v* + D)? - — (37,3 + 3\@) .
3
(125)
Again using Lemma [7] condition (S.1), we have:
lim P M; 4| > = 12
Jim r(;g}; 2616 i M/5> 0. (126)

Plugging inequalities (120), (122), (124) and (126) into
(T18) completes the proof of (T02).

(2.5): Through the union bound we have:

J
Z /Bll+ﬂl2+ﬂl3)
=k
2,u/3>.

> p/3.

lim Pr (sup
k— o0 >k

3
< Z lirr;o Pr (sup

Jj>k

J

Z €iBia

i=k

127)

For simplicity, define event

J

Z Ezﬂz‘,a

i=k

A
Aq i = sup
Jjzk

We then upper bound the probability Pr(.A, ;) and analyz-
ing their asymptotic performance.

To upper bound event 4, ,, we need to upper bound the
expectation of . ; defined in (93) as follows:

E {8k, ]]
O

=DE [|Ex[37e-1, ZD] — Ex[3%, ZD]|]

=D (E[Bw-1,2p) - E[37", Zp) + E[37*, Zb] — E[37, Zp))
<8DE [|yk-1 — 7| + [ = 7]

Do), (128)

where equality (f) is from definition (93), equality (g) is from
inequality (T09). Since « € (0.5, 1], which satisfies condition
(S.2) in Lemma [7} We have:

J
E 61‘51',1
IZk iz

lim Pr <sup

k—o0

> ,,L/3> =0. (129

Next we upper bound Pr(Az ;) and analyzing its asymptotic
behavior. Variable 3 o has mean zero because

E[Br,2] =E [Ex [(Xs, 14001 — Xs0_1)?] — 1(v=1)]
=max{3v,-1,2p} — l(yk-1) = 0. (130)
The variance of 3} 2 is upper bounded by
Var [D ((Xs, — Xs,_,)> = U(7k-1))]
—D°E [max{3vx_1, Z3}7] ® o, (131)

where inequality (h) is due to (T08). Using condition (S.1)
Lemma [7} we have:
J
Z €iBi2| > ,u/3> =0

i=k

(132)

k—o0 >k

lim Pr (sup
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Finally the third bias term satisfies E[|Sy 3]] = E[l(vx) -
e = 71 < VEmax{3y, Z3}?E[(y — 7*)?. Since
Elmax{3yx, Z%}] < E[3vk] + D is bounded according to
(I09) and E[(yx — )% = O(k™). E[|Brsl]] = O(™).

Condition (S.2) in Lemma [7] is verified and we have

lim Pr
k—o0

Plugging (129), (132) and (133) into (127) verifies statement
2.5).
(2.6): Function p(v) < L(v*)|y — 7*| + 2(v — v*)%. Since
E[|y — 7*\24 =0O(k™®) and E[|y —v*|] = O(kj_a/zg satisfies
condition (S.2) in Lemma [7] statement (2.6) is verified.

J
sup Y eiffiz > /3] =0, (133)
izk ik
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APPENDIX H
PROOF OF LEMMA[I]

Proof. First we will turn the time-averaged MSE computation
into frame-level computation. For stationary policy 7 that
decides sampling time Sii; only on information Zj, tuple
{(Ii, (Sk+1 — Sk))} is a regenerative sequence. Recall that
By, = [577(X, — Xs,)%dt and Ly, == Sp41 — Sy are the
cumulative estimation error and length of frame &, which are
both generative because policy 7 is stationary. Therefore, se-

quence { +E [Z,le Ek}} and {E {Zszl Lk} } have limits.
Then according to the renewal reward theory [33]], the time
averaged MSE can be computed by:

T
/t=0

B0, fort (X — X, ,)%dt]
E {Zle (Sk+1 — Sk)}
K E [ S, - XS,WI)th}

S E[(Sk1 — Sk)]

To simplify the computation of equation [134] we will first
introduce the following lemma:

limsup E

T—00

(Xt — Xt)Q dt

=lim sup
K—oo

(134)

=lim sup
K—o0

Lemma 8 (Lemma 6, [7|Restated). Let Z; be a Wiener process
starting from time zero, let T be a stopping time of Z;, we have:

-
éE [Z}] =E { /0 Zfdt]
Using Lemma [§] we can then compute the expected cu-
mulative estimation error during interval [Sk, Rj]. Notice that
during the interval, the k-th sample has not been received.
Therefore, the estimation error X; — Xt = X; — Xg, , can
be viewed as a Wiener process starting from time Sy_1. We
can decouple and compute the cumulative estimation error as
follows:

(135)

Ry, R
E / (X; — Xy)%dt
Sk

Ry Sk
=K / (X; — Xg,_,)%dt| —E / (X — Xg,_,)%dt
Sk,1 Sk—l

1 1
=-E (Xg, — Xs,_)Y] — o [(Xs, — Xs,)']. (136)

Similarly, we can then obtain that:

Sk+1 N
E / (X, — X,)%dt
Ry

1 1
=-E [(Xsk+1 - Xsk)4] - 6E [(XRk - XSk)4] . (137)

6
Notice that the transmission delay Dy, is i.i.d across all slots,
since we only focus on stationary policies whose waiting time
Wi, relies only on recent information Zj, := {Y%, (Ws, 1+ —
Ws, ), Vt > 0}, we have:

]E[(Xsk - XSk71)4] = E[(X5k+1 - Xsk)4]
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. . k S,1+D,/
Therefore, by summing u and , for any polic k k
S

7 that makes decisions only on Zj, the expected cumulative

. . . K/
estimation error in frame %k can be computed by:

Skt1 +2(Xt - XSk/)(XSk/ - Xsk/—l) + (XSk/ - Xsk/*1)2> di
E[Ey] =E / (X — Xt)th] Ser
5 + / (X, — X, )dt

1 1 Sk’+Dk’

E]E [(XR, — XSk—1)4} - EE [(XR, — Xsk)ﬂ ®) k Skr 1

1 4 1 = E (XS,/ 7XS,/, )Z‘Dkl +/ (XtiXS")zdt
ZEE {((XP% — Xg,) + (XSk — Xs,_ 1)) } — EE [(XRk — Xsk)‘ij?_; [ k K/ —1 Su k

1

1 1

6E2[(XRk X5.)'] + 2E [(Xn, - Xs,) 1<Xsk Xs,, *cEf(BYJB[(X X5 )35 2 e 3] oE [(Xs,,., - Xs5,)1]

k'=1

+ gE [(XRk - XSk)(XSk - XSk_1)3] + EE [(Xsk - XSk—l) T_ E]E [(XRk - Xsk) ] (140)

(;)E[(XRk Xs,)*(Xs, — Xs,_,)%] + éE [(XRr, — Xg,)!]  Where equality (a) s because X, = X, ,, V¢ € [Si + Dy)

and X; = Xs,,Vt € [Sk + D, Sk+1); equality (b) is because

|
OR [(Xg, — Xs,)?] - E[(Xs, — Xo,_,)%] + GE [(Xs, — X, EJX) — X, ] = 0 and because X, — X, , is independent

—1

© 1 of Dy; equality (c) is because Dy is independent of (Xg,, —
=E[Rk — Sk] - E[Sk+1 — Se] + B [(Xs, — Xs5,_1)*] Xs, )

1 .\ With equation (T40), we proceed to bound the difference
=E[Lx] - D + 6E [(Xs, — Xs0)"], (138) g [ SHl(X Xt)th} —(v*+D)E {Zk/ 1 -/] as follows:
where equality (a) is obtained because (Xp, — Xg,) is Shit
independent of (Xg, — Xg,_,), since E[Xg, — Xg,] = E / (X; — Xy) dt} (v* + D)E Z Ly
E[Xs, —Xs,_,] = 0 due to Wiener process evolution, we have 0 k=1
E[(XRk_XSk)(XSk_XSk—1)3] = O’E[(XRk _XSk)S(XSk_ (a) k o= b 1 4
Xs,_,)] = 0; equality (b) is obtained because (Xg, — Xs,) = Z E[(Xsr=Xs,,)7]D + Z EE [(Xsk,+1 - Xs,,) ]
and (Xg, — Xs,_,) are independent; and equality (c) is = k=1
because the Wald’s Lemma. . 9 = k )

Therefore, for any stationary policy 7 that makes sampling — 7V E[(Xs, 41— Xs,,)] = D Z " 71— Xs,, )7
decision only on Zj, with probability 1, the objective function . =1
in the MSE minimization problem [I] can be rewritten as: Z
= ([Elglww) =" l(w))
1 7 - k=1
limsupE | / (X, — Xt)th] f
T—o0 t=0
e \ _ = Elglw) = welw) + (e = 7))
—1 Zk:l (E]E [(Xsk - X5k71) ] +E[Lk]D) k'=1
=lim sup S R
K—oo — k *
SK B [1(Xe, - Xg, )Y Y S B lar") — wl0") + (e~ 1))
—limsup =A=LE 25 DSl LB (139) W=l
K—00 Y et E[Ly] @ < X X
O - ;E[(W =) (V") = L))
APPENDIX I @ i E[( * 2] 4
<3 1= ) (141)
PROOF OF COROLLARY [I] Py} W =)

The cumulative MSE up to the beginning of frame k + 1

where equality (a) is because of equation (T40) and by
can be decomposed into:

martingale stopping theorem, E[(Xs,,,, — Xs,,)*] = E[Lw];

Skt1 . inequality (b) is because choosing threshold ~y; minimizes
E / (X )2dt function q(v) — ~kl(7); inequality (c) is obtained because
0

q(v) — wl(y*) = q(v) = ) + (0 = w)l(v)

(@) k Syr+Dys , Skrga 221nd q(v*) = 7v*l(v*) = 0 according to Lemma [5}Gi);
= ZE / (Xe — X, ) dtJF/S (Xt — Xs,, )iblquality (d) is obtained because |I(v*) — I(yw)] =

k'=1 S k! T Dyt ’E[ aX{?)’Y*, Z%}] _ E[maX{?)’Yk” Z%}” < 3")%, — ,y*l
k Sk/+Dk/
=) E / (X — Xs,, + Xs,, — Xs,,_,)%dt APPENDIX J
k=1 Sy PROOF OF LEMMA 3]

. Spr i1 (X, - Xs )2dt Proof Consider a constant wait policy 7eonst that chooses
w Wi = 7. regardless of the transmission delay and estimation
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error Zy, = (Dy, (Xs, +t—Xs,)). Let Z; be a Wiener process
starting from time 0. Then according to equation {a)) from
Corollary (1} the time-average MSE by using policy meonst Can
be computed by:

Zi{:l E I:%(Xsk - XSk—1)4} oY

E e =limsup + D
Koo S E[L]
LK 4
(@), 5 i1 B [ZDH}«;J -
= lim sup K + D
Koo 7 2ak—1 E[Lk]
K
®) .. %Zkzl E [(Dk + fr:ax)2:| —
= lim sup K +D
K—00 % ket E[Lg]
2
M + 2D+ +( L )
(C) 1 fmax max -
=— — D 142
: =" +D, (142)
Fmax
where equality (a) is because by using policy Treonst, given
transmission delay Dy, the difference Xg, 4+ — Xg, ,
evolves like Wiener process Z; starting from ¢ = 0 and

Sk+1 — Sk = Dy + L due to the constant wait policy;
equality (b) is obtained because given delay Dy, Zp, | L
N(0, Dy, + ) is a zero-mean Gaussian distribution with
variance Dy + fﬁ, and therefore the fourth order moment
2
E [Z;g , |Dk] =3 (Dk + L) : equality (c) is obtained
k+7ax fmax
because ﬁ"k is i.i.d following distribution Pp, by definition
M = Ep,[D? and D = Ep,[D]. Since 7const may not be
the MSE minimum sampling policy, we have £« < &, ..

Therefore, recall the definition v* = E.« — D from Subsec-
tion [[II-Bl we have:

2
A1+2§;,+(;L)
=Y 1 max max
p_! 7 7
D+

V<€ =:Yup- (143)

T const 2

1
Jmax

We then derive the lower bound of &.+. Recall that the
optimum decision rule of policy 7* is given in equation (),

according to [7, Theorem 1], £« can be computed by

= _1E (max{3 (v* +v*),Z3}?] —
" TS Emax(3(y + 0. 23)]

@1 _ B B

(144)

where inequality (d) is from Cauchy-Schwartz inequality.
Finally, v* can be lower bonded by:

N =& —D>-D. (145)

1
=6
m

APPENDIX K
PROOF OF LEMMA [4]

For any time ¢, the value Z; of the Wiener process Z; ~
N(0,t), according to [34, Theorem 7.5.6], V6 € R, sequence
M(0) :=exp (0Z; — %t) is a martingale with initial value
My(0) = 1,V0.

20

Let T' > 0 fixed as a constant, then 7., AT is a stopping
time, where a Ab = min{a, b}. Then according to the optional
stopping theorem [34, Theorem 7.5.1], denote ¢1 () to be the

expected value of M, r(0), we have:
¢r(0) :=E [M, rr(0)] = E[Mo(0)] =1,¥0.  (146)

Therefore, the n-th order derivative of function ¢7(6),
denoted by qﬁg? )(9) can be computed by:

(g = TE (M p7(0)] _ 0 147
For each sample path w, the absolute value |le /\T| < /3.
Therefore the derivative %ﬁm‘ is bounded and contin-

uous. Then according to Leibniz rule we have

. {aww(e)] _OE M, 1r(0)]

=0. (148)

oon aom

First according to [34, Theorem 7.5.1& Theorem 7.5.5],
V7 < oo, the mean of stopping time 7., is bounded, i.e.,

E[l,] = E[Z} ] = Elmax{3y, Zp}] = 3y + D < cc.. (149)

To obtain the second-order moment of 7., we compute the
4-th order derivative of M; A7)(0), i.e.,

O My pr(0)
a5 lomo = Zinr =6 AT) - 22 g +3(1, AT)?.
(150)
Plugging (T50) into (T48), we have:
E[(ly AT)?]
1 5 1 A
=2E (ﬁlv NT) 22} | — 3E {Zl,y/\T:|
1 5
<SSE[(L AT)] + SE[ZE A (151)

Therefore, for each T' < oo, the second order moment of
[, AN'T) can be upper bounded by:
v pp y
2 10 2
[t A7) < 8 72 ]

1 1 _
:gOE [max{3vy,Z3}] < 30(37 + D) < cc. (152)

Finally, we can upper bound the fourth order moment of 7,
by computing the 8-th order derivative of M, A7 () at 6 =0,
ie.,

08 My (6)

008
:ZZSV/\T —28(ly A T) - ZE,Y/\T + 210(Ly A T)2 ) ZliAT

—420(ly AT)? - Z vy +105(L, AT)*. (153)
Plugging equation (I53) into (148)), we have:
E [, AT)Y]
=- ﬁE [ZiAT ~28(1, AT) - Z2 ap
+210(L, AT)? - Z2 \p — 420(1, AT)? - ZEWAT}

<4E [(l7 AT)3 - ZiAT} + %E [(l7 AT) - Zﬁm}
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<t ® [0, A )Y (B2 ])

+ 2@ AT (2 [2])"

<4 (B [(1, AT))** - ((37)* + 105B)

+ 1% (B[, AT ) (31 +105B)* . (154)
Inequality (T34) implies
E [(ly AT)"] < 4% ((37)" + 105B). (155)

Let T' — oo and then use the dominated convergence theorem
on the LHS of inequality (T54), we conclude that E[12] is
bounded.

1 277
E[r}] = —— (1 — 28 + 350 — 1708) (37)* = == (3y)".
105 21
(156)
APPENDIX L
PROOF OF LEMMA [3]
Proof. First we can compute the derivatives as follows:
d 1
EE |:6 ((3’}/)2 . ]I(Z%Slh/) + Zé . H(Z%>3’y)):|
=37Pr (Z}, < 37). (157)
d
ot [(37 Tizz<sy) + 2D - H(Z}é>3w)}
=3Pr (Z}, < 3v) (158)

Therefore, the monotonic decreasing characteristics can be
verified through

95(v) = —E [max{3vy,Z3}] <0
90 () = =3Pr(Z}, < 3v) < 0.

(159)
(160)

Through Taylor expansion, since g,(y) is monotonically
decreasing, for v < v* we have:

90(7) 2G0(7v") + G0 (V) (v =) = =l(v*) (v = ") > 0.

(161)
Since v — 4* < 0, inequality (I61) implies
(Y =)0 (7) < =1V (v =) (162)
And for v > ~+*, we have:
90(7)
(@ 1 919 5
<E 6 max{3v*, Z5 }* — ymax{3~v*, Z5}
®) *
=7 =) (163)

where inequality (a) is obtained because choosing the stop-
ping time to be 7 = inf{t > D||Z| > /3y} mini-
mizes function E [:Z% — 47| and equality (b) is because
E [é max{3v*, Z%}? — v* max{3v*, Zl%}] =0.
Multiplying (v — +*) on both sides of (I63) we have:
(V=750 < =) =AYy >t (164)
Combining (162) and (164) finishes the proof of Lemma [5}
(ii).
O

21

APPENDIX M
PROOF OF LEMMA [6]
Proof. For | > D, let I, & {n|E[Z2] = I,V € 11} whose
squared error at the time of sample is [. Next, we establish
the lower bound of E [ [ Z7dt] for any policy 7 € II;, which
can be formulated into the following optimization problem:

inf E [/ Zfdt} , st. E[r] =1,7 > D. (165)
™ 0
As is shown in [7, Theorem 7], the optimum solution to

(T63) has a threshold structure, and the optimum sampling
policy for each sample path is as follows:

7 =inf{t > D||Z;| > \*}, (166)
where the selection of \* satisfies:
E[r] =E[Z2] = 1. (167)

Through Lemma [8] we can compute the optimum solution

to (T63) as follows:

E UT Zfdt] = 11E[Z;4_] = é]E [max{Z},3~v}*]. (168)
0

6

To finish the proof of inequality (68), it then remains to
lower bound (T68) as follows:

é]E [max{3, Z,%}Q] — ~E [max{37, Zj%}] . (169)

The analysis is divided into the following two cases.
For simplicity, denote ~; to be the threshold such that
E[max{Z%,3y,}] = L.

e Case 1: [ > I(vy*), it can be easily verify that v > ~*.

Therefore, we have:

1g [max{Z}, 3v}7]
PP} < ) + B [Zh 175 > 3)
(E[(3v")1(Z} < 3v")] + E[ZpL(Z] > 377)]

3m)% — (3v)2)(Z% < 3v)]
3m)? — ZH)I(3y* < Z3 < 3y)])
(@ 1 . .
2q(y") + GE (371 — 37%)?1(Z% < 39%)]
1
+ GEBY (B = 3y)I(Z5 < 377))

1
+ =E [67* 3y — Z5)I(3v* < Z}) < 3y)]

6
() 1
> Uy") + gpw(l(n) - 1)) + (Ul (w) = 1%)
1
="l + —pu(l — (%)% (170)

6

where inequality (a) is obtained because (37;)? —
(37*)2 = 3y — 3v*)2 + 2 x 3v*(3y; — 37*) and
for Z% = «x that satisfies 3v* < z < 3y,
(3v1)? — 2% > 69*(3y, — z); inequality (b) is be-
cause I(y1) — (") = E[(3v —3v")I(Z} < 377)] +
E [(3n — Z3)I(37" < 73 < 3)]-
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o Case 2: I <[(v*), similarly, it can be verified that 3, <
3v*. As a result:

%]E [maX{Z,%, 375}2]

1 1
:gE [((3)?1(Z} < 3w)] + E]E [ZHU(Z}, > 3)]

=% (E[(3v)*1(Z} < 3v")] + E [ZpI(Z] > 377)]

~E [((37*)? = (3m)?)L(Z} < 3v*)]
~E [(Z} — 3)*)I3v < 23 < 37*)])

E [(3y: — 37%)’1(Z3 < 39Y)]
[67* (37 — 3y L(Z}, < 397)]
[3v* (37" = ZH)1(3v < Zp, < 3v%)]
=7*1(v*) + Y'E[(3y — 39")1(Z] < 37*)]
+YE[(37* — ZH)I(3v < Z}, < 39%))]
+2pull = 1)

1(v)?,

1
:7*1 + *pw(l -
where inequality (c) is obtained similarly as inequality

: (171)
(a) and (b).

O

APPENDIX N
PROOF OF COROLLARY 2]

Proof. The first conclusion follows directly from Lemma 1.
The conditional expectation of (X, ,, —Xg, )* can be upper
bounded by:

Eel(Xs,, — Xs,)°] = By, [max{3vi, Zp}"]

< ((3vk)* + 105E[D]) = (3y)* + 105B. (172)

Finally, we can upper bounded the second order moment of
FE}; as follows:

Ex [E7]

Sk+Dk
/ (Xt - XSk—1)2dt
Sk

Sk+1 2
+ / (X; — Xg, )%dt
Sk+Dp

Sk+Dyg
/ (Xt - XSk + XSk - Xskfl)th
S

:Ek

k+Dpg
:Ek[ (XSk X5k71)2Dk
Sk+Dy
+2(Xs, — Xs,_,) / (X — Xg, )dt
Sk

22

(c)
<3E: [(Xs, — Xs,_,)" D]

Sk+Dy

2
+ 12K, (Xsk — XSk,l)Q (/ (Xt - X5k>dt>
S

k

Sk+1 2
+ 3E, / (X; — Xg, )%dt ,
Sk

where inequality (c) is from Cauchy-Schwartz E[(a+b+c)?] <
3E[a® + b* + ¢?].

Since the transmission delay Dy, is independent of Xg, —
Xs,_,» the first term on the RHS of inequality (I73) can be
upper bounded by:

Ex [(Xsk - XSk_1)4D%] = (XSk - XSk—1)4E[‘D2]
< (Xs, — Xs,_,)*VB. (174)

To upper bound the second and third term on the RHS of
inequality (T73), we introduce the following Lemma, whose
proof is provided in Appendix

(173)

Lemma 9. Recall that Z; is a wiener process staring from
time 0 and let 1, := inf{t > D||Z;| > \/37} be the frame
length when threshold =y is used. When E[D*] < B, we have
the following results:

I 2
E / Zdt <
t=0

(23717(37)4 + B) : <(37)2 + <§>4 . 3\/§>

= Cl(’YﬂB%

E (/;0 Zfdt)Q <
(23717(37)4 + B> : <(3fy)4 + (i)g : 1053)

=: Cs(7, B). (176)

Plugging inequality (I73) and (I76) into (I73), we can
upper bound E[E?|vk, Xs, — Xs,_,] by:
Ek[EI%] :S(Xsk - XSk—1)4\/§+ 1201(71@7 B)(Xsk - Xsk—1)2
+3Cy(7, B). (177)

O

APPENDIX O
PROOF OF LEMMA [9]
Recall that I, = inf{t > D||vVZ;| > /37} is a stopping
time of the Wiener process Z, starting from time 0. Then for
any time 7 > 0 we have:

I 2
E / ZPdt
t=0

Iy p 2
0o \o<w<i,
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I 2 Plugging inequality (184), (I83) and (I79) into inequality
=E |l5-| sup | Z4| h
0<t'<L, (178), we have:

2
l
(a) K
<\ E[E]-E| sup [Zy|tr|, (178) E (/ tht> <256 ((37)* + 105B)
0<t'<l,, t=0
4
where inequality (a) from the Cauchy-Schwartz inequality. x | (3v)% + (4> -3VB |, (185)
From Lemma EL E[l3] can be bounded as follows: 3
2
4 4 by
E[1}] < 256 ((37)" + 105B).. am’ g ( / ZEdt) <256 ((37)* + 105)
t=0
Next, we prove E[supg<; <, | Zy |*?] is bounded. Recall that .
the stopping rule is obtained by: y <(37)4 N (i) _ 105B> . (186)
I, =inf{t > D||Z| > \/37}. (180)

Then E [supogt/g7 \Zt/|4p} can be upper bounded by:

E| sup |Zy|?
0<t/ <L,

=E l( sup |Zt/|4p> SI(ly, > D)]
0<t'<l,

o2 |( s, 1) 5, <)
0<t/<l,
® A
<@BNTHE| sup |Zp[7|, (181)
0<t'<D

where inequality (b) is because if I, > D, then we have
1 Z¢| < \/37,Vt € [D,1,) and therefore supy<y<; |Zu|* <
(37)?P + supg<yp<p | Z¢|*?. For each D < oo, since the
Wiener process Z; is a martingale and D is a stopping time,
for each d < oo, we can upper bound E [supg<, < p | Zy|*]
as follows:

© [ 4p \™
E| su Z,ﬂ g( > E[Zﬂ
|:0<t’12d| v 4p -1 d

4p
@ ( 4p (4p)! o
a (4p1) 22”(2p)!d ' (182

where inequality (¢) is because of the Doob’s maximal in-
equality 35, p.54, Theorem 1.7] and equality (d) is because
Z4 follows a Guassian distribution.

When the transmission delay D is fourth order bounded,
for p = 1 and 2, plugging E[D*] < B and E[D?] < /B into

inequality (182) and (T8T), we have:

4
4
E| sup |Zof" §(3v)2+(> 3E(D?)
|0<t/ <, 3

4

<(37)? + (i) -3VB, (183)

E| sup [Zy[® s(37)4+(

8
> -105E[D?]
|0<t'<l,

~J| oo

8
> -105B.  (184)

N lee

<(37)" + (
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